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Abstra
t1991 Mathemati
s Subje
t Classi�
ation: Primary 11F67; Se
ondary 11F12,11E45.Key words: rational period fun
tions, He
ke groupsWe des
ribe rational period fun
tions on the He
ke groups and 
hara
terizethe ones whose poles satisfy a 
ertain symmetry. This generalizes part of the
hara
terization of rational period fun
tions on the modular group, whi
h is oneof the He
ke groups.



1 INTRODUCTIONMarvin Knopp [11℄ introdu
ed the idea of a rational period fun
tion (RPF) foran automorphi
 integral of weight 2k 2 2Zon �, where � is any Fu
hsian groupa
ting on the upper half-plane.Knopp [11, 12℄, Hawkins [6℄, and Choie and Parson [2, 3℄ took steps towardan expli
it 
hara
terization of RPFs on the modular group �(1). Ash [1℄ used
ohomologi
al te
hniques to provide a 
hara
terization, after whi
h Choie andZagier [4℄ and, independently, Parson [14℄ provided an expli
it 
hara
terizationof the RPFs on �(1). The expli
it 
hara
terizations use negative 
ontinued fra
-tions to establish a 
onne
tion between the poles of RPFs and binary quadrati
forms.S
hmidt [16℄ generalized Ash's work, giving an abstra
t 
hara
terization ofRPFs on any �nitely generated Fu
hsian group of the �rst kind with paraboli
elements, a 
lass of groups whi
h in
ludes the He
ke groups. S
hmidt [15℄ andS
hmidt and Sheingorn [17℄ have taken steps toward an expli
it 
hara
terizationof RPFs on the He
ke groups using generalizations of the 
lassi
al 
ontinuedfra
tions and binary quadrati
 forms.In this paper we give an expli
it 
hara
terization of a 
lass of rational pe-riod fun
tions on the He
ke groups. Our 
hara
terization is for rational periodfun
tions for whi
h k (half of the weight) is odd, and whose irredu
ible polesets whi
h are He
ke-symmetri
, as de�ned in Se
tion 2.3. We also determinean expli
it expression for all rational period fun
tions on He
ke groups. We usethe 
orresponden
e, developed in [5℄, between poles of rational period fun
tions1



and generalized binary quadrati
 forms.2 DEFINITIONS ANDBACKGROUND IDEAS2.1 He
ke groupsLet � be a positive real number and let G(�) = hS; T i=f�Ig, where S = S� =� 1 �0 1 �, T = � 0 �11 0 �, and I is the identity. Eri
h He
ke [8℄ showed that the onlyvalues of � between 0 and 2 for whi
hG(�) is dis
rete are � = �p = 2 
os(�=p) forp = 3; 4; 5; : : :. These are the He
ke groups whi
h we will denote by Gp = G(�p)for p � 3. Put U = U�p = S�pT 2 Gp. The He
ke groups have two relations,T 2 = Up = I.He
ke showed that G(�) is also dis
rete if � � 2, however these groups haveonly one relation T 2 = I. In this 
ase the related rational period fun
tions havea simpler stru
ture, whi
h is given in [7℄.For M = � a b
 d � 2 Gp, we have a; b; 
; d 2 Z[�p℄ and ad � b
 = 1, so Gpis a subgroup of SL(2;Z[�p℄). It is well-known that G3 = SL(2;Z[�3℄) (i.e.,�(1) = SL(2;Z)), however for the other He
ke groups Gp $ SL(2;Z[�p℄).Members of He
ke groups a
t on the Riemann sphere as linear fra
tionaltransformations. An element M = � a b
 d � 2 Gp is hyperboli
 if ja + dj > 2,paraboli
 if ja+ dj = 2, and ellipti
 if ja+ dj < 2. We will designate �xed pointsa

ordingly.We will use the following lemma when we study the poles of rational periodfun
tions. 2



Lemma 1. Fix p � 3 and let U = U�p . For 1 � n � p� 1 the nonzero entriesof UnT 2 Gp all have the same sign and may be taken to be positive. The onlyzero entries o

ur in UT = � 1 �0 1 � and Up�1T = � 1 0� 1 �:Proof. Write Un = � an bn
n dn �: By indu
tion on n we have that an = sin((n+1)�=p)sin(�=p)for n � 0, from whi
h it is 
lear that an > 0 for 0 � n � p � 2. We writeUn = UUn�1 = Un�1U , orUn = 0BB��an�1 � 
n�1 �bn�1 � dn�1an�1 bn�1 1CCA = 0BB��an�1 + bn�1 �an�1�
n�1 + dn�1 �
n�11CCA :Then Un = 0BB� an �an�1an�1 �an�21CCA ;so UnT = 0BB�an�1 anan�2 an�11CCA ;whi
h has positive entries for 2 � n � p� 2.2.2 Rational period fun
tionsFor M = � � �
 d � 2 SL(2;R) and f(z) a 
omplex fun
tion, we de�ne the weight2k slash operator f j2k M = f jM by(f jM ) (z) = (
z + d)�2kf (Mz) :De�nition 1. Let U = U�p for p � 3 and let k 2 Z+. A rational periodfun
tion (RPF) of weight 2k for Gp is a rational fun
tion q(z) whi
h satis�es3



the relations q + q j T = 0; (1)and q + q j U + q j U2 + � � �+ q j Up�1 = 0: (2)Marvin Knopp [11℄ �rst introdu
ed RPFs as period fun
tions for automor-phi
 integrals in the following way.De�nition 2. Let S = S�p for p � 3, and let k 2 Z+. Suppose that F is afun
tion meromorphi
 in H and at i1 whi
h satis�es(F j S) (z) = F (z);and (F j T ) (z) = F (z) + q(z);where q(z) is a rational fun
tion. Then F is an automorphi
 integral of weight2k on Gp with rational period fun
tion q(z).These de�nitions are equivalent. It is easy to show that any rational periodfun
tion satisfying De�nition 2 also satis�es De�nition 1. On the other hand,Knopp showed [10, Theorem 3℄ that any fun
tion satisfying De�nition 1 is theperiod fun
tion for an automorphi
 integral of weight 2k.For any rational period fun
tion q on Gp we let P (q) denote the set of polesof q. Hawkins [6℄ introdu
ed the idea of an irredu
ible system of poles (or4



irredu
ible pole set), the minimal set of poles whi
h are for
ed to o

ur togetherby the relations (1) and (2). If � 2 P �(q) = P (q) n f0g, we let P (q;�) denotethe irredu
ible set of poles of q whi
h 
ontains �.2.3 Binary quadrati
 formsAn inde�nite binary quadrati
 form on Z[�p℄ is an expression of the formQ(x; y) = Ax2 + Bxy +Cy2;with A;B;C 2 Z[�p℄ and D = B2 � 4AC > 0. We denote su
h a form byQ = [A;B;C℄ and refer to it as a �p-BQF. IfZ[�p℄ is a prin
ipal ideal domain wealso require that a �p-BQF [A;B;C℄ be primitive, i.e., that (A)+(B)+(C) = (1),where (x) = xZ[�p℄ denotes the ideal of Z[�p℄ generated by x.We need a 1 � 1 
orresponden
e between �p-BQFs and 
ertain algebrai
numbers. We map the �p-BQF Q = [A;B;C℄ to the number �Q = �B+pD2A 2Q(�p;pD). In this form the mapping is invertible only for p = 3, Gp = �(1).When p > 3, ambiguity arises from the presen
e of nontrivial units inZ[�p℄ andfrom the fa
t that the dis
riminantD need not be square-free inZ[�p℄. In orderto re
over a 1� 1 
orresponden
e from this mapping we �rst restri
t the rangeof the mapping to hyperboli
 �xed points of Gp. Then we give an algorithmwhi
h produ
es a unique inverse for any hyperboli
 number.Lemma 2. If � is a hyperboli
 �xed point of Gp it may be asso
iated with aunique inde�nite �p-BQF Q = Q� su
h that � = �Q. If Z[�p℄ is a prin
ipalideal domain, Q may be 
hosen to be primitive.5



If an inde�nite �p-BQF Q is asso
iated with a hyperboli
 number as in theLemma, we say that Q is hyperboli
.Proof. We present an outline of the more detailed proof in [5℄. Suppose that �is a hyperboli
 �xed point of Gp. Let M� = � a b
 d � 2 Gp be a generator of the
y
li
 group of matri
es �xing �. M� is determined up to inverses and� = a� d�p(a+ d)2 � 42
 :We show in [5℄ that if Z[�p℄ is a prin
ipal ideal domain, there is a uniquelydetermined positive number g 2Z[�p℄ with (
; d � a;�b) = (g). Then 1g [
; d�a;�b℄ is primitive and the unique primitive �p-BQF for � isQ� = 8>>><>>>:1g [
; d� a;�b℄; if � = a�d+p(a+d)2�42
 ;�1g [
; d� a;�b℄; if � = a�d�p(a+d)2�42
 :If Z[�p℄ fails to be a prin
ipal ideal domain we put g = 1.Suppose that � = �B+pD2A is a hyperboli
 point asso
iated with the �p-BQF Q� = [A;B;C℄. We de�ne the He
ke (�p-)
onjugate of � to be �0 =�B�pD2A , the number asso
iated with �Q� = [�A;�B;�C℄, i.e., �0Q = ��Q. A
al
ulation shows that if V 2 Gp, then (V �)0 = V �0. In the 
ase of G3 = �(1),He
ke 
onjugation redu
es to algebrai
 
onjugation over Q.If R is a set of hyperboli
 �xed points of Gp we write R0 = fx0 j x 2 Rg. Wesay that R has He
ke (�p-)symmetry if R = R0.Elements of a He
ke group a
t on �p-BQFs by (Q ÆM ) (x; y) = Q(ax +by; 
x + dy) for M = � a b
 d � 2 Gp. This a
tion preserves the dis
riminant6



and maps primitive forms to primitive forms. We say that �p-BQFs Q1 andQ2 are Gp-equivalent, and write Q1 � Q2, if there exists a V 2 Gp su
h thatQ2 = Q1 ÆV . It is easy to 
he
k that Gp-equivalen
e is an equivalen
e relation,so Gp partitions the �p-BQFs into equivalen
e 
lasses of forms.Every Gp-equivalen
e 
lass of �p-BQFs 
ontains either only hyperboli
 formsor no hyperboli
 forms [5℄. Consequently, we may label equivalen
e 
lassesthemselves as hyperboli
 or non-hyperboli
.Suppose that Q1 and Q2 are hyperboli
 �p-BQFs. A 
al
ulation shows thatQ2 = Q1 Æ V if and only if �2 = V �1�1, where �1 and �2 are asso
iated withQ1 and Q2, respe
tively. Thus Gp-equivalen
e of hyperboli
 �p-BQFs indu
esa 
orresponding Gp-equivalen
e of asso
iated numbers.If A denotes a Gp-equivalen
e 
lass of �p-BQFs, we let �A = f�QjQ 2 Ag.Given Q1 2 �A, it is easy to 
he
k that Q2 2 �A if and only if Q2 � Q1. Thus�A is another Gp-equivalen
e 
lass of forms, not ne
essarily distin
t from A.If A is hyperboli
, so is �A, and the numbers asso
iated with the forms in �Aare the He
ke 
onjugates of the numbers asso
iated with the forms in A.We say that a hyperboli
 �p-BQF Q = [A;B;C℄ is (Gp-)simple if A >0 > C. If Q is Gp-simple we say that the asso
iated hyperboli
 number xQ is(Gp-)simple. We show in [5℄ that a hyperboli
 �xed point x is Gp-simple if andonly if x0 < 0 < x. 7



3 POLES OFRATIONAL PERIOD FUNCTIONSThroughout this se
tion we �x p � 3, � = �p, and U = U�p . We assume that qis an RPF of weight 2k 2 2Z+ on Gp with pole set P := P (q).3.1 Sets of PolesIn this subse
tion we show that the positive poles of q may be put into 
y
les,whi
h we use to write the irredu
ible systems of poles. We also make the
onne
tion between these 
y
les of poles and simple �p-BQFs.Lemma 3. P (q) � R for any RPF q of weight 2k 2 2Z+ on Gp.Remark. This is given without proof by Meier and Rosenberger [13℄, who statethat the proof is analogous to the one by Knopp [12℄ for rational period fun
tionson the modular group. The following proof is a generalization of the one byChoie and Zagier [4℄ for the modular group.Proof. Suppose, by way of 
ontradi
tion, that �1 2 P but �1 =2 R. By the�rst relation (1) we have T�1 2 P , then by the se
ond relation (2) we haveU j1T�1 2 P for some j1, 1 � j1 � p � 1. Repeating this, we produ
e asequen
e of poles f�1; �2; : : :g, none of whi
h are real, with ��+1 = U j�T��and 1 � j� � p � 1 for ea
h � � 1. Lemma 1 and a geometri
 argument showthat jarg(��)j > jarg(��+1)j for ea
h � � 1. But this is impossible, sin
e P is a�nite set. 8



Put � = �p and U = U� for p � 3. De�ne �p : [0;1)! [0;1) by�p(x) = 8>>>>>>>>>>>>><>>>>>>>>>>>>>:TUx; Up(0) � x < Up�1(0)TU2x; Up�1(0) � x < Up�2(0)...TUp�1x; U2(0) � x:This fun
tion is given more expli
itly by�p(x) = 8>>>>>>>>>>>>><>>>>>>>>>>>>>: x1��x ; 0 � x < 1=�1��x(�2�1)x�� ; 1=� � x < �=(�2 � 1)...x� �; � � x:It 
an be shown that TUn(x) > 0 if and only if Up�n+1(0) < x < Up�n(0), sothe exponent n in �p(x) = TUnx is the unique exponent between 1 and p � 1for whi
h TUnx > 0 [5℄.If A is a hyperboli
 Gp-equivalen
e 
lass of �p-BQFs we write ZA =fx j Qx 2 A; Qx simpleg. We show in [5℄ that ea
h hyperboli
 equivalen
e 
lassof �p-BQFs 
ontains at least one simple form, i.e., ZA 6= ; for every hyperboli
A. We also show in [5, Theorem 3℄ that the �nite 
y
li
 orbits of �p are thesets f0g and ZA, where A runs over all hyperboli
 Gp-equivalen
e 
lasses of�p-BQFs.Let P+ denote the set of positive poles in P , P� denote the set of negativepoles in P , so P � = P+ [ P�. Write TZA = fT� j � 2 ZAg.9



The following Lemma establishes the relationship between irredu
ible polesets of RPFs on Gp and equivalen
e 
lasses of simple �p-BQFs.Lemma 4. Suppose that � is a positive pole of an RPF on Gp. Then � is hy-perboli
 and � 2 ZA, where A is the Gp-equivalen
e 
lass of �p-BQFs 
ontainingQ�. The irredu
ible pole set 
ontaining � isP (q;�) = ZA [ TZA:Proof. Suppose that � = �1 2 P+. As in the proof of Lemma 3, �2 = U j1T�1 2P for some j1, 1 � j1 � p� 1. By Lemma 1 we may take ea
h entry of U j1T tobe non-negative, whi
h implies that �2 = U j1T�1 > 0. Repeating this pro
essgives a sequen
e of poles f�1; �2; : : :g � P+, with��+1 = U j�T�� ; (3)and 1 � j� � p� 1 for ea
h � � 1. Sin
e P+ is �nite we must have that�1 = �r+1 = U jrT�r; (4)for some r � 1. Thus we have a �nite 
y
le of positive poles, f�1; �2; : : : ; �rg.Reversing (3) we have that �� = TUp�j���+1 = �p(��+1), sin
e 1 � p � j� �p� 1 and �� > 0 for ea
h � � 1. Reversing (4) we have that �r = TUp�jr�1 =�p(�1), sin
e 1 � p � jr � p � 1 and �r > 0. Hen
e f�1; �2; : : : ; �rg � P+is a �nite 
y
li
 orbit of �p, so f�1; �2; : : : ; �rg = ZA, where A is some Gp-equivalen
e 
lass of �p-BQFs. Thus Q� 2 A, so Q� is a simple �p-BQF and �is a simple number. Hen
e, a fortiori, Q� and � are both hyperboli
.Sin
e � is a positive pole, ea
h element of ZA must also be a positive pole,so ZA � P (q;�). This, with the �rst relation (1), implies that every element of10



TZA is a negative pole, so TZA � P (q;�). On the other hand, if � 2 P (q;�),then � = M�, where M 2 Gp is a produ
t of matri
es, ea
h one equal to T orto U i, 1 � i � p� 1. Thus � and � are Gp-equivalent numbers, hen
e Q� andQ� are Gp-equivalent BQFs, so Q� 2 A. If � > 0, then � 2 ZA. If � < 0, thenT� 2 ZA, and � 2 TZA.Corollary. The set of nonzero poles of an RPF on Gp has the formP � = L[̀=1 (ZA` [ TZA`) (5)where the A` are distin
t indexed hyperboli
 Gp-equivalen
e 
lasses of �p-BQFs.Remark. This is essentially Lemma 3.2 in [15℄.The following Lemma allows us to express the negative poles in P � usingHe
ke 
onjugation instead of the a
tion of T .Lemma 5. Let A be a Gp-equivalen
e 
lass of �p-BQFs. Then TZA = Z0�A.Proof. A routine exer
ise showing 
ontainment in both dire
tions establishesthe Lemma.3.2 Prin
ipal PartsIn this se
tion we determine the prin
iple part at any pole of any RPF of weight2k on Gp. We use this to give an expli
it expression of the form of any RPF.3.2.1 The Pole at ZeroLemma 6. Suppose that q is an RPF of weight 2k 2 2Z+ on Gp. Then11



(i) q is regular at 1,(ii) if q has a pole at 0, the order of the pole is at most 2k, and(iii) q has a pole at 0 of order 2k if and only if q(1) 6= 0.Proof. Fix p � 3 and put � = �p and U = U�p . For (i) we apply jS to these
ond relation (2), use the �rst relation (1) and rearrange to get(q � qjS) (z) = �qjUS + qjU2S + � � �+ qjUp�2S� (z):We 
laim that the right hand side of this expression approa
hes 0 as z ! 1.To prove our 
laim it suÆ
es to show that for 1 � n � p� 2,(qjUnS) (z)! 0 as z !1:Write Un = � an bn
n dn �, so UnS = � an an+1an�1 an � and(qjUnS) (z) = (an�1z + an)�2k q (UnSz) :Now (an�1z + an)�2k ! 0 as z ! 1, sin
e an�1 6= 0 for 1 � n � p � 2. We
al
ulate that 0 < UnS(1) < 1 for 1 � n � p� 2, and UnS(1) is paraboli
,so UnS(1) 
annot be a pole of q, i.e., q (UnSz) is bounded near 1. Thus(an�1z + an�2)�2k q (UnSz) ! 0 as z ! 1 (1 � n � p � 2), and the 
laimholds. If q had a pole at 1 of order m > 0, thenq(z) = r(z) + 
mzm + 
m�1zm�1 + � � �+ 
0;where r(1) = 0 and 
m 6= 0. Then(q � qjS) (z) = r(z) � r(z + �) �m�
mzm�1 + � � � ;12



where \� � �" denotes a polynomial of degree less than m � 1. Thus as z !1,(q � qjS) (z)!8>>><>>>:��
1; if m = 1;1; if m > 1;whi
h 
ontradi
ts the 
laim and thus establishes (i).Parts (ii) and (iii) follow immediately from (i) and the �rst relation (1) inthe form q��1z � = �z2kq(z):An RPF of weight 2k on Gp may have a pole only at zero. Meier andRosenberger show in [13℄ that su
h an RPF is of the formqk;0(z) =8>>><>>>:a0(1� z�2k); if 2k 6= 2;a0(1� z�2) + b1z�1; if 2k = 2: (6)Given q, an RPF of weight 2k on Gp, we let PP�[q℄ denote the prin
ipalpart of q(z) at z = �. Then by (5) and Lemma 6, q has the formq(z) = LX̀=1 X�2ZA`[TZA` PP�[q℄(z) + b0qk;0(z) + 2k�1Xn=1 
nzn ; (7)where qk;0 is an RPF given by (6), b0 and ea
h an and 
n is a 
onstant, and theA` are indexed hyperboli
 Gp-equivalen
e 
lasses of �p-BQFs.3.2.2 Nonzero PolesLemma 7. Let q be an RPF of weight 2k 2 2Z+ on Gp with a nonzero pole at�. Then the pole at � is of order k. 13



Remark. S
hmidt [15℄ �rst states this Lemma with a note that the proof forRPFs on �(1) goes through. The following proof generalizes the one for �(1)by Choie and Zagier [4℄.Proof. Fix p � 3 and put U = U�p . Note that if f(z) has a pole at � and V =� � �
 d � is a linear fra
tional transformation, then (f j V ) (z) = (
z + d)�2kf(V z)has a pole at z = V �1�. In fa
t,PPV�1� [f j V ℄ = PPV�1� [PP�[f ℄ j V ℄ : (8)By (1) and (8) with V = T , we havePPT�[q℄ = �PPT� [PP�[q℄ j T ℄ : (9)In a similar way, we use (2) and (8) with V = U�t, t an integer, to getPPUt� [q℄ = �PPUt� �PP�[q℄ j U�t� : (10)Suppose that the pole at � is positive. Then by the proof of Lemma 4,� is �xed by an element of Gp of the form M = U jrTU jr�1T : : :U j1T , where1 � j� � p� 1 for ea
h � � 1. Applying (9) and (10) r times ea
h, we getPPM�[q℄ = PPM� �PPM�[q℄ jM�1� ;and, sin
e M� = �, PP�[q℄ = PP� �PP�[q℄ jM�1� : (11)If � < 0, then T� 2 P+ is �xed by an element of Gp of the form N =U jrTU jr�1T : : :U j1T . Thus � is �xed by M = TNT = TU jrTU jr�1T : : :U j1 .14



We apply (9) and (10) r times ea
h in this 
ase as well, and q also satis�es (11)when � < 0.Let m be the order of the pole of q at � and suppose that q is normalizedso that PP�[q℄(z) = (z ��)�m + r�(z), where r�(z) is a rational fun
tion witha pole at � of order less than m. Put M = � a b
 d � so M�1 = � d �b�
 a �. We
al
ulate�PP�[q℄ jM�1� (z) = (�
z + a)�2k ��M�1z � ���m + r� �M�1z��= (�
z + a)m�2k ((
�+ d)z � (a�+ b))�m + r�;a
 (z)= (�
z + a)m�2k(
�+ d)m (z �M�)�m + r�; a
 (z)= (�
�+ a)m�2k(
�+ d)m (z � �)�m + ~r�;a
 (z)= (
�+ d)2k�2m(z � �)�m + ~r�;a
 (z);where r�;a
 and ~r�; a
 are rational fun
tions, ea
h with a pole at � of order lessthan m and a pole at a
 . We have used partial fra
tions, the fa
t that M �xes�, and the fa
t that (�
� + a) = (
�+ d)�1. Then by (11) we havePP�[q℄(z) = PP� �(
�+ d)2k�2m(z � �)�m + ~r�;a
 (z)�= (
�+ d)2k�2m(z � �)�m + ~r�(z);where ~r� is a rational fun
tion with a pole at � of order less than m. Thus(
� + d)2k�2m = 1, so either m = k or 
� + d = 1. But if 
� + d = 1, then� = 1�d
 is paraboli
, a 
ontradi
tion. We 
on
lude that m = k.Lemma 8. Suppose that � 6= 0 
an o

ur as a pole of an RPF of weight 2k 215



2Z+ on Gp. Then there exists a unique fun
tion of the formqk;�(z) = 1(z � �)k + a1(k; �)(z � �)k�1 + � � �+ ak�1(k; �)z � � ;su
h that for any RPF q of weight 2k on Gp, PP�[q℄ is a 
onstant multiple ofqk;�.Remark. The fun
tion qk;� is uniquely determined by k and �, but is indepen-dent of the rational period fun
tion q.Proof. Fun
tions of the given form exist, sin
e PP�[q℄ has a pole of order k at �and 
an be normalized so that the 
oeÆ
ient of (z ��)�k is 1. For uniqueness,suppose that qk;� and rk;� are fun
tions satisfying the hypotheses of the Lemma,with qk;� 6= rk;�. Then there exist RPFs q and r and nonzero 
onstants a and bsu
h that PP�[q℄ = aqk;� and PP�[r℄ = brk;�. But then q� ab r is an RPF witha pole at � of order less than 2k, a 
ontradi
tion.The following Lemma gives a formula for qk;�.Lemma 9. Suppose that � 6= 0 
an o

ur as a pole of an RPF q of weight2k 2 2Z+ on Gp. Thenqk;�(z) = PP� � Dk=2Q�(z; 1)k � = PP� � (�� �0)k(z � �)k(z � �0)k � ; (12)where Q� is the �p-BQF asso
iated to �, D is the dis
riminant of Q�, and �0is the He
ke �p-
onjugate of �.Remark. S
hmidt [15℄ states this Lemma in a modi�ed form for � > 0 andasserts that the proof follows from the proof in the 
lassi
al 
ase. The followingproof holds for � positive or negative. 16



Proof. Write Q�(z) = Q�(z; 1) = Az2+Bz +C. Let M = � a b
 d � be an elementof Gp whi
h �xes both � and �0. We 
al
ulate�Q�k� jM�1� (z)= (�
z + a)�2kA�k � dz � b�
z + a � ���k � dz � b�
z + a � �0��k= A�k ((
�+ d)z � (a�+ b))�k ((
�0 + d)z � (a�0 + b))�k= A�k(
�+ d)�k(
�0 + d)�k�z � a�+ b
�+ d��k�z � a�0 + b
�0 + d��k= A�k(z � �)�k(z � �0)�k= Q�(z)�k:We have used the fa
t that (
� + d)(
�0 + d) = 1. Using this and (8) withf = Q�k� , V = M�1, and � = M�1�, we havePP�[Q�k� ℄ = PP� �PP�[Q�k� ℄ jM�1� ;so Q�k� and q both satisfy the fun
tional equation (11). By an argument similarto the proof of Lemma 8, PP�[Q�k� ℄ is a nonzero multiple of PP�[q℄, whi
h isin turn a multiple of qk;�. Thus qk;� is a multiple of PP�[Q�k� ℄. FinallyPP�[Q�k� ℄(z) = PP�[A�k(z � �)�k(z � �0)�k℄= A�k(z � �)�k(�� �0)�k + � � �= D�k=2(z � �)�k + � � � ;so the proportionality 
onstants are as given in the Lemma.We now give a 
omplete des
ription of any RPF of weight 2k on Gp.17



Theorem 1. An RPF of weight 2k 2 2Z+ on Gp is of the formq(z) = LX̀=1C` X�2ZA` (qk;�(z)� qk;T�(z)) + 
0qk;0(z) + 2k�1Xn=1 
nzn ;where ea
h A` is a Gp-equivalen
e 
lass of Z[�p℄-BQFs, ZA` is the 
y
le ofpositive poles asso
iated with A`, qk;� is given by (12), qk;0 is given by (6), andthe C` and 
n are all 
onstants.Proof. By (7) and Lemma 8 we have that any RPF q of weight 2k on Gp hasthe form q(z) = LX̀=1 X�2ZA`[TZA` C�qk;�(z) + 
0qk;0(z) + 2k�1Xn=1 
nzn ;where ea
h A` is a hyperboli
 Gp-equivalen
e 
lass of �p-BQFs and qk;0 is givenby (6). From (9) and (10) we see that the 
oeÆ
ients C� alternate in signas � goes through any 
y
le ��1; T�1; U j1T�1; TU j1T�1; : : :	. Thus for ea
hirredu
ible system of poles ZA`[TZA` there is a 
onstant C` su
h that C� = C`for ea
h � 2 ZA` and C� = �C` for ea
h � 2 TZA` . As a result any RPF ofweight 2k on Gp has the given form.Lemma5 allows us to identify negative poles using He
ke 
onjugation insteadof the a
tion of T in the Corollary.Corollary. An RPF of weight 2k 2 2Z+ on Gp is of the formq(z) = LX̀=1C`0� X�2ZA` qk;�(z) � X�2Z�A` qk;�0(z)1A + 
0qk;0(z) + 2k�1Xn=1 
nzn ; (13)where ea
h A` is a Gp-equivalen
e 
lass of Z[�p℄-BQFs, ZA` is the 
y
le ofpositive poles asso
iated with A`, qk;� is given by (12), qk;0 is given by (6), andthe C` and 
n are all 
onstants. 18



4 HECKE-SYMMETRIC POLE SETS, k ODDThe following theorem 
hara
terizes of RPFs of weight 2k on Gp, for k odd,with He
ke-symmetri
 sets of poles.Theorem 2. Suppose that k is an odd positive integer.Suppose q is an RPF of weight 2k on Gp with He
ke �p-symmetri
 irredu
iblesystems of poles. Then q is of the formq(z) = LX̀=1 d` X�2ZA` Q�(z; 1)�k + 
0qk;0(z); (14)where ea
h A` is a Gp-equivalen
e 
lass of Z[�p℄-BQFs satisfying �A` = A`,the d` (1 � ` � M ) are 
onstants, and qk;0(z) is given by (6).Conversely, any rational fun
tion of the form (14) is an RPF of weight 2kon Gp with He
ke �p-symmetri
 irredu
ible systems of poles.Proof. Suppose that q is an RPF of weight 2k on Gp with He
ke �p-symmetri
irredu
ible systems of poles. Then �A = A for ea
h Gp-equivalen
e 
lass of�p-BQFs asso
iated with poles of q. Thus the expression for q in (13) simpli�esto q(z) = LX̀=1C` X�2ZA` (qk;�(z) � qk;�0(z)) + 
0qk;0(z) + 2k�1Xn=1 
nzn ;where qk;0(z) is given by (6) and C` (1 � ` � L) and 
n (1 � n � 2k � 1) areall 
onstants. A 
al
ulation shows that for any pole �,qk;�(z) � qk;�0(z) = PP� � Dk=2Q�(z; 1)k � � (�1)kPP�0 � Dk=2Q�(z; 1)k � ;19



where D is the dis
riminant of Q�. Sin
e k is odd,qk;�(z) � qk;�0(z) = Dk=2Q�(z; 1)k ;so q(z) = LX̀=1 d` X�2ZA` Q�(z; 1)�k + 
0qk;0(z) + 2k�1Xn=1 
nzn ; (15)where d` = C`Dk=2` and D` is the dis
riminant of �p-BQFs in A`.S
hmidt proves in [15, Theorem 3.1℄ that if k is odd, thenr(z) = X�2ZA[Z�A Q�(z; 1)�kis an RPF of weight 2k on Gp. Thus the �rst sum in (15) is an RPF of weight2k on Gp. Sin
e q and qk;0 are also RPFs, we must have that P2k�1n=1 
nzn is anRPF of weight 2k on Gp. But then we must have 
n = 0 for 1 � n � 2k � 1 orelse we 
ontradi
t Lemma 6 (ii). Thus q has the form (14).For the 
onverse, assume that q has the form (14). Sin
ePL̀=1 d`P�2ZA` Q�(z; 1)�kand qk;0 are both RPFs of weight 2k on Gp, q is also an RPF of weight 2k onGp. The set of nonzero poles of q isP �(q) = L[̀=1 �ZA` [ Z0A`� ;whi
h is 
learly He
ke-symmetri
.
20
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