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Abstract

We present a reduction theory for certain binary quadratic forms with
coefficients in Z[\], where X is the minimal translation in a Hecke group.
We generalize from the modular group I'(1) = PSL(2,Z) to the Hecke
groups and make extensive use of modified negative continued fractions.
We also define and characterize “reduced” and “simple” hyperbolic fixed

points of the Hecke groups.

The modular group and negative continued fractions play key roles in the
reduction of binary quadratic forms with integer coefficients as presented in
[12]. In this paper we generalize from the modular group to the Hecke groups

by replacing (§1) with (1) for certain values of A between 1 and 2. We use a



variant of Rosen’s A-continued fractions [8], which are associated with the Hecke
groups. We add to work done in this direction by Schmidt [9] and Schmidt and
Sheingorn [10]. The result is a theory of reduction for a class of indefinite binary
quadratic forms with coefficients in Z[A].

Part of the motivation for this investigation is our wish to uncover properties
of Z[\]-binary quadratic forms which will be useful for characterizing rational
period functions of automorphic integrals on the Hecke groups [2].

In Section 1 we define the Hecke groups, A-binary quadratic forms, and nega-
tive A-continued fractions. In Section 2 we describe a one-to-one correspondence
between hyperbolic elements of Hecke groups, certain A-binary quadratic forms,
and hyperbolic numbers. In Section 3 we characterize the “reduced” hyperbolic
points of the Hecke groups. Section 4 contains the main reduction theorem. In
Section 5 we characterize “simple” forms and show that they may be put into

cycles corresponding to equivalence classes.

1 PRELIMINARIES

In this section we define the Hecke groups, along with the associated binary
quadratic forms and continued fractions. We also prove several basic properties

of the continued fractions.

1.1 HECKE GROUPS



Let S=S\=(41),T=(%7"),and I = (}7), where X is a positive real
number. Put G(\) = (S,T)/{£I} C PSL(2,R). Erich Hecke [4] showed that

the only values of A for which G(X) is discrete are
A=A\, =2cos(m/p),

for p=3,4,5,..., and A > 2. We will focus on the discrete groups with A < 2,
i.e., those with A = A\p, p > 3. These groups have come to be known as the Hecke
groups, and we will denote them by G, = G(A,) for p > 3. The first several of

these Hecke groups are G3 = G(1) = I'(1) (the modular group), G4 = G(v/2),

Gs =G (1+2ﬁ), and Gs = G(V3).
Fix p > 3 and let U = Uy, = S\,T € Gp. As matrices, T" and U satisfy

T? = UP = —I, but as elements of G, they satisfy
T*=U" =1,

since M = —M for M € PSL(2,R).

The entries of elements of G, are in Z[\,], which for each p > 3 is the ring
of algebraic integers for Q(A,). For p > 3, Q(A,) has nontrivial units and may
have a nontrivial class group. For example, hg(s) = 2. This is known to be
the only class number greater than 1 for p < 73 [11].

It is well-known that Gs = PSL(2,Z[A3]) (i.e., I'(1) = PSL(2,Z) ), however
for the other Hecke groups G, G PSL(2, Z[))).

An element M € Gy, is primitive if it cannot be written as a nontrivial power
of another element of the group, that is, if there exists no V' € G, such that

M = V7 for any integer j > 1.



Elements of the Hecke group act on C as linear fractional transformations.
We say that complex numbers z; and 2o are G- equivalent, and we write z; ~ 2,
if there exists V' € G), such that Vz; = 25. This is an equivalence relation, so
G, partitions complex numbers into equivalence classes.

Anelement M = (2 %) € G, is hyperbolic if |a+d| > 2, parabolic if |a+d| = 2,
and elliptic if |a + d| < 2. A complex number z is a fized point of M € G, if

Mz = z, so a nontrivial element M = (‘cl g) fixes
a—d=++/(d—a)?+ 4bc
2c
a—dx+/(a+d)?—4
. 1
50 (1)

From this it is clear that hyperbolic elements of G, each have two distinct real
fixed points. Nontrivial parabolic elements each have one real fixed point and
elliptic elements each have nonreal fixed points which are complex conjugates
of each other.

Since G, is discrete, the stabilizer of any complex number z in G, stab(z) =
{M € G, | Mz = z} is a cyclic subgroup of G, [6, page 15]. Thus the fixed
point sets of any two nontrivial elements of G, are identical or disjoint, and
all nontrivial elements of a stabilizer have identical fixed points. We designate
fixed points as hyperbolic, parabolic, or elliptic according to whether the linear
fractional transformations fixing them are hyperbolic, nontrivial parabolic, or
elliptic, respectively.

If two complex numbers are Gp-equivalent, then the linear fractional trans-

formations fixing them are conjugate to each other in G,. Since conjugation



in G, preserves the trace, Gp-equivalent fixed points share the designation as
hyperbolic points, parabolic points, or as elliptic points. As a result, equivalence
classes of numbers contain either all fixed points of the same kind, or no fixed
points. We designate equivalence classes containing fixed points as hyperbolic,
parabolic, or elliptic.

We define the Hecke conjugate of any hyperbolic fixed point of G, to be
the other fixed point of the elements in its stabilizer. We denote the Hecke
conjugate of @ by . A straightforward calculation shows that if o is hyperbolic

and M € G, then (Ma)' = Md/'.

1.2 BINARY QUADRATIC FORMS

We consider binary quadratic forms
Q(z,y) = Az? + Bry + Cy?,

with coefficients in Z[\,]. We denote such a form by @ = [A4, B, C] and refer to
it as a A\p-BQF or A-BQF. We restrict our attention to indefinite forms, which
have positive discriminant D = B? — 4AC.

Elements of a Hecke group act on A-BQFs by (Q o M) (z,y) = Q(ax+by, cx+
dy) for Q a A-BQF and M = (2Y) € G,. More explicitly, if Q = [4, B, C] we
have that

[AaBaO] © (gg) = [AlvB/aC/]a



where

A’ = Aa® 4+ Bac + Cc* = Q(a, c),
B’ =2Aab+ B(ad + bc) + 2Ccd,

and

C' = Ab? + Bbd + Cd? = Q(b,d).

Note that Q o M = Q o (—M), so this action does not depend on our choice of
coset representative. A straightforward calculation shows that B2 — 4A'C’ =
B? — 4AC, so the action of a Hecke group preserves the discriminant.

We say that Q and Q' are G,-equivalent, and write Q@ ~ @, if there exists
aV € Gp such that Q' = Q o V. It is easy to check that G,-equivalence is
an equivalence relation, so G, partitions the A-BQF's into equivalence classes of

forms.

1.3 CONTINUED FRACTIONS

Rosen [8] introduced a class of continued fractions closely associated with
the Hecke groups. He expanded any real number into a continued fraction using
a nearest-multiple-of-A algorithm. We will use the next-multiple-of-A algorithm
[10], a modification of Rosen’s continued fractions. The resulting negative (or
backwards) continued fractions generalize the simple negative continued frac-
tions in [12] for which A = 1 and p = 3. Grochenig and Haas have also studied

the dynamics of these generalized backwards continued fractions in [3].



Let 7; € Z for j > 0. For p > 3 we define a finite \,-continued fraction

(Ap-CF or A-CF) by

[Fo; 71y oyTn] = ToA—

7"1)\ —

= (S™TS"T...S™T)(c0).

Define an infinite \,-CF by

[ro;71,...] = lm [ro;ry,..., 7],
n—oo

if the limit exists.

We can expand any finite real number « into a unique A-CF according to

the next-multiple-of-A algorithm. Let ay = « and for j > 0 define

Olj:|
=|—= 1 2
=5+t 2)
and the j + 1%¢ complete quotient
1
= 3
At ’I“j)\ —Qy ( )
Here [ -] is the greatest integer function. Then a; = r;A — a}ﬂ for 7 > 0 and
J
[70;71,...] is the \-CF for o, while [rj;7j41,...] is the A-CF for ;. We note

that (3) implies that a; > § for j > 1.
We define an admissible \-CF to be one that arises from a finite real number

by the next-multiple-of-\ algorithm. Then we have

Lemma 1. Fizp > 3 and put A = \,. Then every admissible A\-CF converges.



Proof. Put S = Sy and let [ro;r1,...] be the admissible A-CF for a € R. For
any n > 0 we define C,, = [ro;r1,..., 7], the nth convergent of the A-CF. We
will show that {C,},~, is decreasing and bounded below by c.

We define Cy,p, = [Fm; Pms1, - -] for 0 < m < n and note that C,, ,, =
TpA > ay,. Foralln >0, a, >0and Cp_q,, =S T (Cpp) > ST (o) =
o1, since SIT(z) = jA — L increases monotonically on (0, +0c). Continuing,
we have that Cy, ,, > oy, for 0 < m < n. In particular, C,, = Cy,,, > ag = a for
all n > 0.

In order to show that {Cy} 7, is decreasing, we fix n > 0 and note that
Crn =TnA > Tn/\—ﬁ = Cppnt1- Thenforn >0, Cp_q, = ST (Cp ) >
ST (Cpomt1) = Cr—1nt1- Continuing, we have that C, ,, > Cpy 1 for all

m, 0 < m <n. In particular, C,, > C},41 for all n > 0. O

A periodic \p-CF is one for which there exist n > 0 and m > 1 such that
Tj+m = rj for all 7 > n. We will take n and m to be the smallest integers for

which this happens, and write a periodic A-CF as
[710; T1yee e yTn—1,Tny .- vrnerfl]

A purely periodic \-CF has n = 0.
Schmidt and Sheingorn showed that periodic A-CF's identify the fixed points
of G. The proof of the following result is contained in Lemmas 1, 2, and 3 in

[10].

Lemma 2. A real number is a fized point of Gp, p > 3, if and only if it has a

periodic A\,-CF' expansion. Moreover, such a number is parabolic if and only if



its A\p-CF has the period [2,1,...,1], and is hyperbolic if and only if its A\,-CF
——
p—3
has a period other than [2,1,...,1].
——

-3
There are restrictions on deissible A-CFs. We have
Lemma 3. Put p > 3. An admissible \p-CF
(i) is infinite,
(i) has at most p — 3 consecutive ones in any position but the beginning, and

(#ii) has at most p — 2 consecutive ones at the beginning.

Remark. In the classical case (A3 = 1) Lemma 3 reduces to the fact that ad-
missible simple negative continued fractions have no ones in any position other

than the first.

Proof. Set A = Xp, S =S and U = Uy,. By (2) and (3) we must have r; > 1
for j > 1, so (i) must hold.

A calculation shows that
0=UP0) <UPH0) <--- < U?*0) < U(0) = o0,
so we may write the extended real line as a disjoint union of p half-open intervals,
[—00,00) = [0, UP(0)) U [U(0), U~1(0) ) U+ U [U%(0), U(0)).  (4)

U maps each interval to the previous interval, the first to the last, and left
endpoints to left endpoints.
Let « € R. Forany m > 0 and j > 1 we have ayy, = ST S"™+1T - - - S™m+i—1 Ty, 4 5.

If the A-CF for o has j consecutive ones starting with r,,, then o, = UjO[mJ,_j.



By the next multiple of A algorithm we have that for any n > 1, a, € [1/), 00),
which is the union of the last p — 2 intervals in (4). Thus for m > 1 we must
have j < p — 3. Otherwise a4+ ¢ [1/A, 00) for some k, 1 < k < j, since U

maps each interval to the previous interval in (4). O

The restrictions in Lemma 3 are the best possible, since for any A = A,

p>3, A+ LN r 4 =31, and (ST) *[3;1,..., 1] = [1,1,...,1,3].
N—— —— N——
p—3 p—3 p—3

2 BINARY QUADRATIC FORMS AND HY-

PERBOLIC NUMBERS

The reduction theory for classical binary quadratic forms in [12] uses a
straightforward correspondence between primitive binary quadratic forms with
integer coefficients (A3-BQFs) and quadratic irrational numbers. That corre-
spondence does not directly generalize to one between A,-BQFs and numbers in
quadratic extensions of Z[\,], each of which contains nontrivial units for p > 3.
In the general setting we only define a correspondence between hyperbolic fixed
points of G}, and certain \,-BQFs. In the process we show that these two sets
are also isomorphic to the set of primitive hyperbolic linear fractional transfor-
mations (LFTs) in Gp. Because of our restriction, the ensuing reduction theory
is only for A,-BQF's associated with hyperbolic fixed points of G.

Fix p > 3 and define A\,-LFT = {M € G,|M is primitive, hyperbolic} and

A-BQF = {Q|Q is a \,-BQF}. We note that M € \,-LFT if and only if M1 €

10



Ap-LFT, since inverses of primitive, hyperbolic linear fractional transformations
are primitive and hyperbolic. Define p : A\,-LFT — A,-BQF by p(M) = Qu =
[c,d—a,—b] for M = (‘; 3) with positive trace. (We select elements with positive
trace so that p is well-defined, since M = —M in PSL(2,R), and —M would
map to —Qps.)

The coefficients of Qs are those in the quadratic equation that gives the
fixed point formula (1). Although M~! = (_dc _ab) has the same fixed points as
M, we have p (M™') = Qp-1 = [—c,a — d,b] = —Qu1.

Elements in the range of p are indefinite A-BQF's, since the discriminant of
Qur is D = (a+d)? — 4 and elements of the domain are hyperbolic. Since binary
quadratic forms in the range are images of hyperbolic matrices, we call those
forms hyperbolic -BQFs and denote the range of p by A,-HBQF.

Define o : A,-HBQF — R by 0(Q) = ag = =B:Y2 for Q = [A, B,C] and
D = B? — 4AC. The real number ag, is one of the zeros of Q(z,1) and lies in
Q(\p, V/D). The other zero of Q(x,1) is the image of —Q. This definition of o is
a (slight) generalization of an association of binary quadratic forms to numbers
which Schmidt and Sheingorn use in [10] (and Zagier uses for the classical case
n [12]), where they require that A > 0.

We calculate that (cop)(2Y) = ole,d — a,—b] = #, where D =
(a +d)? — 4. Thus o o p maps every primitive hyperbolic element M € G, to
one of its fixed points. Another calculation shows that if (o o p) (M) = «, then

(o0 0p) (M*I) = o, so Hecke conjugates are images of inverses in \,-LFT (and

of negative forms in A\,-HBQF'). The following lemma shows that ¢ o p maps to

11



attracting fixed points.

Lemma 4. Fizp>3. If M = (*}4) € G, with a+d > 2, then a = afd2+c¢5

1s the attracting fized point of M.

Remark. Note that for this lemma we must select a coset representative with

positive trace, and that this is always possible.

Proof. We first observe that M (c0) is not between o and o’. Then % =

—e=diVD D

,a*dfi\/ﬁ a+d++/D

< 1, since a + d > 0. Thus M (c0) is closer to « than to

ol jole

o, so a is attracting. O

Let A\,-HFP denote the set of hyperbolic fixed points of G;,. Then we have

the following Lemma.

Lemma 5. Fiz p > 3. The sets A\,-LFT, \,-HBQF, and \,-HFP are isomor-

phic.

Proof. We have that (o o p) : Ap)-LFT — X\ ,-HFP. We will show that this map
is an isomorphism. Then, since o maps A,-LFT onto \,-HBQF, o must also be
an isomorphism.

To show that oop is injective, we suppose that (g 0 p) (V) = (0 op) (W) =«
for V,W € A\,-LFT. Then both V and W fix a, so both V and W are in stab(a).
Since stab(a) is cyclic and both V and W are primitive, we have that V = W~!
or V.=W. If V.= W= then (c0p) (V) = ((cg0p)(W)) # (cd0p) (W), a
contradiction. Thus V = W, so o o p is injective.

To show that o o p is surjective, we suppose that a € A,-HFP. Then

stab(a) = (M) for some hyperbolic M € G,,. This M must be primitive (or else

12



it does not generate stab(a)), so M € \,-LFT. And if M € \,-LFT, sois M 1.
Now M has two fixed points, o and o, so (0 0 p) (M) = «, or (g 0 p) (M) = «'.
If (0 0 p) (M) = o, then (o 0 p) (M~!) = a. In either case « is the image of an

element in A,-LFT. O

Since (o 0 p) : Ap-LFT — X,-HFP is an isomorphism, so is 7 = (o o p) "t

Ap-HFP — A,-LFT. We will use A-CF's to write a formula for 7.

Lemma 6. Fiz p > 3 and suppose that o = [ro;71, ., Tne1,Tny s Tntm—1] €
Ap-HFP. The corresponding linear fractional transformation is given by (o) =

VWV where V = S™0TSMT .. S™1T and W = S™TS™+1T ... §Tn+m—1T,

Proof. We have that VWV ! is primitive since every Ap-CF period is minimal.
We also have that VWV ! is hyperbolic, since it fixes o. Thus VWV ! €
Ap-LFT and fixes a, so (g 0p) (VWV™!) =aor (cgop) (VWV™!) =d. By
Lemma 4 our proof will be complete if we show that « is the attracting fixed
point of VWV =1 which means that (oo p) (VWV_l) = «, or equivalently
() = VWV—L

In order to show that « is the attracting fixed point of VWV !, we con-
sider images of & = [rg;71,...,7,—1] under applications of VWV =1, Note
that [ro;7r1,...,7n—1] is not an admissible A\-CF; technically we have that z =

10571, oy T+ 1,1 12 But VIWV e = [ro; 71, -« oy P15 T« -y Tm—1+
———
p—3

1,1 ,1,2], and (VWV_l)kx — aas k — 00, s0 VWV ! attracts to a. [

SN A
——
p—3

The following lemma allows us to translate between the action of G, on

A-BQF's and the action of G, on hyperbolic numbers.

13



Lemma 7. Fizp > 3 and let A\ = \,. Suppose that Q. and Q3 are hyperbolic A-
BQFs associated with hyperbolic numbers o and 3, respectively, and let V € G,,.

Then Qp = Qa0 V if and only if 3=V la.
Proof. We write Q,, = [A, B,C], so a = % where D = B2 —4AC, and we

write V = (?g) .

Suppose that Qg = Qo o V. Then

Qﬂ = [A,B,C] © (ZZ)
= [Ad® + Bac + Cc?,2Aab + B(ad + be) + 2Ccd, Ab? + Bbd + Cd?],

SO

b= —(24ab + B(ad + be) + 2Ced) + VD
N 2(Aa? + Bac + Cc?) ’

On the other hand, V! = ( d _b) , SO

—C a
a(=552) -
—c (7_322‘/5) +a
—2Ab— Bd+ ¢v/D
2Aa — Be — c/D

—(2Aab + B(ad + be) +2Ced) + /D
2(Aa? + Bac+ Cc?)

Vi =

Next we suppose that 3 = V~la and write 7(a) = M, = (2’ f;) € A\p-LFT.

Then p(Mu) = Qo = [t7u =T _SL S0

QaoV = [tbu—r,—slo(2})

[ta® 4+ (u — r)ac — sc?,2tab + (u — 7)(ad + be) + 2scd, th* + (u — r)bd — sd?].

14



Consider the linear fractional transformation V~'M,V, which is hyperbolic
since trace is invariant under conjugation, and primitive since Mg is primitive.
Thus V-'M,V € \,-LFT. Now § is the attracting fixed point for V"*M,V,

since V3 = « is the attracting fixed point for M,. Thus V1M,V = Mg =

7(08). Now
Mg = V7'M,V
adr + cds — abt — beu  —tb? + (r — u)bd + sd?
ta® + (u —r)ac — s —cbr — cds + abt + adu
S0
Qs = p(Mp)

[ta® + (u — 1)ac — sc®, 2tab + (u — 7)(ad + be), tb% + (u — r)bd — sd?]

Qoo V.

O

By Lemma 7, Gp-equivalence of hyperbolic A\,-BQFs corresponds to G-
equivalence of hyperbolic numbers. Thus every G)-equivalence class of A,-BQF's
contains either only hyperbolic forms or no hyperbolic forms, so we designate

Ap-BQF equivalence classes themselves as hyperbolic or non-hyperbolic.

3 REDUCED NUMBERS

15



Fix p > 3. We say that a real number « is a G,-reduced number if the Ap-

CF expansion of « is purely periodic with period other than [2,1,...,1]. If a is
——
p—3
Gp-reduced it is hyperbolic, and we say that the associated hyperbolic A,-BQF

Qo is Gp-reduced.
The following Lemma is a modification of a familiar result from classical

continued fractions. It is stated without proof in [10, page 389].

Lemma 8. Let p > 3 and put A = \,. If o = [Fo;71,.--,75) @5 a A-CF, then

1

= =[P Tn_1,---,70]-
Proof. Put S = Sx. We have o; = [F;i7511,.. for j > 0. Then a1 =
TS "aj, and ag = apt1 = TS "™ay,. Taking Hecke conjugates, we have
O‘;‘H =TS T]a;. = xar J >0, and af = Tsar SO or =rpA—al,. We
combine these to get
1
1
N - rn)\ -
)
1
’I”nfl/\ —
’I“n_g)\ —
= [Fa;Tn_1,---,70)

We need the following result for the proof of the next Theorem.

Lemma 9. Fiz p > 3 and let U = Uy,. Then U%(O) = UP~**1(0) for any

integer k.

Proof. Let ¢, = % for & > 0. Meier and Rosenberger [7] show that as

16



linear fractional transformations

[]k _ (Ck+1 —Ck )7 (5)

Crk —Ck—1
for k € ZT. In fact, it is easy to show that (5) holds for all integers k. Then

Up—k+1(0) _ Cp—k+1
Cp—k
sin ((p — k + 1)m/p)
sin ((p — k)7/p)
sin (( — 1)7/p)
sin (k7 /p)
Ck—1
Ck
1
U*(0)°

We next characterize G,-reduced numbers.

Theorem 1. Putp > 3, A = A,, and U = Uy. Suppose that « is a hyperbolic

fized point of G,,. Then o is Gp-reduced with k leading ones in its \-CF' if and
only if

0 <o <U20) < a < UH0), (6)

for some integer k, 0 < k < p — 3. Furthermore, the \-CF for a has j trailing

ones in its period if and only if
UP=i(0) < o/ < UP~I71(0),
for some integer j, 0 < j <p—k—3.

Remark. In the classical case (A3 = 1) we must have that £ = 0. Then a

hyperbolic point « is Gs-reduced if and only if 0 < o’ < 1 < a < oo. This

17



agrees with the definition of a reduced number in the classical case [12, page

123).

Proof. We first suppose that o is Gp-reduced and that the A-CF for o has k

leading ones. Then 0 < k < p — 3. We may write a = [Fo;71, -, Tm_1] =
;L. L, 7, Tht1s- -5 Pn—1), and o = [F577541, -, Fm—1,70,.--,7;-1 for
————

k
0 < j <m—1. Each «o; is hyperbolic and thus not a multiple of A. Since
rr > 2 we have ap > A\ = U%(0), i.e., ay, is in the pth interval of (4). Now
r; = 1 for 0 < j < k implies that a = U¥ay, so « is in the (p — k)th

interval of (4), i.e., U"2(0) < a < U*™1(0). By Lemma 8 we have X =

[Frn—15- s Tht1, Thy Ly ooy 1] > 0,80 & > 0. Also, o = [T Tht1y - -y Tty 1y« - o5 1],
—— ——
k
SO 6712 =[L1,. L1, Thy1,7k) > 5 = UP7H(0). Then L =U—* (0712) >

Ur=F=1(0) >k07 since U~* maps every interval in (4) k intervals to the right,
and2<p—-k—1<p-—1 Thus o < m = U**2(0), by Lemma 9, and
we have verified (6).

Next, we suppose that o is a hyperbolic fixed point of G|, that satisfies
(6) for some integer k, 0 < k < p — 3. By Lemma 2 we may write a =
[70; 71, -+« sTne1:Tn, -~ Tntm—1)- 1f any complete quotient a; satisfies 0 < a; <
A, then r; =1 and «; is in one of the second through (p — 1)st intervals of (4).
In this case aj41 = U™ ay, so aj41 is in the interval to the right of a;. Taking
Hecke conjugates we have o, ; = U‘la;, 80 44 is in the interval to the right of

o’ If o satisfies (6) with k = 0 then a > X, so 7o > 2 and the A-CF for a has no

leading ones. If « satisfies (6) with k& > 0, then 0 < a < U¥*1(0) < U?(0) = A,

18



so 79 = 1. Then since oy = U 'a and of = U~ '/, we have that 0 < o <
Uk+1(0) < oy < U*(0). We repeat this argument, and for 0 < j < k — 1 we
have 0 < o < UM277(0) < oy < UFHII(0) < X, s0 15 = 1, a1 = U™ lay,
and of;, | = U~ 'a)j. For j = k we have 0 < o, < U?(0) < a, < U(0), s0 e > X
and r; > 2. Thus the A\-CF for « has k leading ones.

In order to show that a is G,-reduced, we first claim that 0 < a; < A
for all j > 0. Since o' is in one of the second through (p — k — 1)st intervals
of (4), and the A-CF for « has k leading ones, the discussion above implies
that each a;, 0 < j < k is in one of the second through (p — 1)st intervals,
so 0 < oz;- < Afor 0 < j < k. A calculation shows that if 0 < o} < A and
ry > 2 for any t, then 0 < o, < § and o}, is in the second interval of (4).
If 7 is followed by 711 > 2, then 0 < aj 5 < % by the same calculation. On
the other hand, if r; is followed by ¢ ones, oz;- is in one of the second through
(€4 2)nd intervals for t +1 < j < t+ ¢+ 1. Since the A\-CF for 043» is admissible,
¢ < p— 3, so each such o is in one of the second through (p — 1)st intervals.
Thus 0 < a;- < A for the £ complete quotients following ai. The claim follows by
induction on j. We next note that for every j > 1, the complete quotient a; has
a unique predecessor «;_; with 0 < oz;- < A. Indeed, 0 < ozg- < X implies that
Ta; < 0,800 < StTa;» < A for a unique ¢, ¢ > 1. But since 0 < a;_; < A and

/

Q;j

1= ST'fflTag, we must have that r;_; = ¢ is uniquely determined. Then
Qtp = Qo implies that a; = aj4, for every j < n and a = [Fo;71, - -, Tm_1)-

Thus « is reduced, and we have proved the first part of the theorem.

To prove the second part of the theorem we suppose the A-CF for o has j
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trailing ones in its period. Then the A-CF for « has j + k consecutive ones,

so 0 < j < P — k—3. Now a = [7“0;’[“1,...,TT,L_j_l,L...,l], with Tm—j—1 >
N
j
2, and % =[1;...,L,"m_j_1,-..,71,70] by Lemma 8. The first part of the
————

theorem implies tilat Uit2(0) < L < U1(0), so Uj%l(o) <ad < Uj%,(o). An
application of Lemma 9 gives UP~7(0) < o/ < UP~771(0).

Finally, we suppose that UP~7(0) < o/ < UP~7=1(0) for some integer j,
0 <j <p—k—3. We can reverse every step in the argument above to conclude

that the A-CF for a has j trailing ones in its period, and we have proved the

second part of the theorem. O

4 REDUCTION

In this section we generalize the reduction theory of indefinite binary quadratic
forms to hyperbolic A-BQFs. We see that every hyperbolic G,-equivalence class
of forms contains a unique cycle of reduced forms. From this it follows that there
are a finite number of hyperbolic equivalence classes for each discriminant.

The following theorem generalizes Satz 1 of [12, page 122].

Theorem 2. Let p > 3 and put A = X\,. Every hyperbolic A\-BQF Q may be
transformed into a reduced \-BQF' by finitely many applications of S{T, where
at each step r = [O‘TQ] + 1 and ag is the hyperbolic fized point associated with
Q. Furthermore, S\T' maps reduced forms to reduced forms, so the reduced

forms fall into disjoint cycles. Finally, every equivalence between reduced \-
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BQFs is obtained by iteration of SyT'; thus each equivalence class of A\-BQFs

with hyperbolic forms contains one cycle of reduced forms.

Proof. Suppose that Qo is a hyperbolic -BQF. Let ay = o (Qq) be the hy-
perbolic fixed point associated with Q. Then o has a A-CF expansion of the
form

Qg = [7"0§7”1, ooy Tn—1,Tny . arn-‘rm—l]a

where rg = [%] + 1. Put

o = TS_TOOZO

= [Tl;,rQ?'"771n717rn7"'77nn+m71]7

with § = S). We repeat this process, at each step using the mapping T'S™"7,

rj = [%] + 1 to calculate aj11. After n steps, we have

a, = TS 1...TS ™qq

= [rn§~~~7rn+m71]7

which is reduced. For 1 < j < nlet Q; = o~ ! () be the hyperbolic A-BQF
associated with the hyperbolic number ;. Then @, is reduced and by Lemma
7, Qn=Qoo (ST .. 1T,

Next, suppose that Ry is a reduced A-BQF. Let 8y = o (Rp) be the reduced
fixed point associated with Rg. Since 3y is reduced, it has a A-CF expansion of
the form

/60 = [TO;Th e 7Tm]7
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where ry = [%} + 1. Then

pr

TS™" Bo

I 9

= |_7’1;T'2,...7’]"m77’oj7

is also reduced. We repeat this process by putting

Bjr1 = TS7p;
= [T 75)

where each r; = {%] + 1, for 1 < j <m — 1. We also note that

fo=T5"""fm,

where 7, = [T’"} + 1, so we have a cycle of reduced numbers. For 1 < j <m
let R; = o~!(j3;) be the reduced A-BQFs associated with the reduced numbers
Bj. Then the R;, 0 < j < m, form a cycle of m + 1 reduced A\-BQFs.

Finally, suppose that @1 and Q2 are reduced A-BQFs with @7 ~ Q2. Let
a1 = 0(Q1) and as = o (Q2) be the corresponding reduced numbers. Then
ap ~ ag, so there exists a V € G such that Vo = ap. Since a; and a»
both have purely periodic \-CF expressions, their periods must be cyclic per-
mutations of each other. Repeated application of T'S™", r = [%} + 1, as above,
maps «a; to as. Translating back to reduced A-BQFs, we have that repeated
application of ST, r = [QTR} + 1, maps Q1 to Q.

O

Example 1. Put A = \5 = 1+T\/57 S = Sy, and let By = [2;3,2,1,1,4]. Then

My = ("93"%5 5118’;1392) generates the stabilizer of 3y, and Qg = [—3\ — 2,27\ +

22



15, —=51X — 32] is the A5-BQF corresponding to y. Now Qo is in a hyperbolic

equivalence class A of forms of discriminant D = 135\ + 86 = M. We

reduce Qg by
Q1 = QooS*T=[A+2-TA—3-3\—2],
Q2 = QoS8T =[3\+4,—11A—3, A+ 2],

which is reduced. The cycle of reduced A5-BQFs in A is

Qs = Qu0S8*T =[13)\+8,—17TA— 9,3\ + 4],
Qi1 = Q30S8T =[11\+8,—25\— 17,13\ + 8],
Qs = Q40ST =[\+2,—-13\—5,11\+ 8],and
Q2 = Q508'T =[3\+4,—11A—3,\+2].

The successive values of r in ST are the successive entries in the A5-CF for 3.

The corresponding reduced numbers are

By = TS™38, =TS3TS2p, =[2;1,1,4],
Bs = TS ?B=[1;1,4,2],

By = TS 'B3=1[1;4,2,1],and

Bs = TS™'fy=[42,11]

5 SIMPLE FORMS AND NUMBERS

In this section we define simple A-BQFs and simple numbers, which are

easily characterized and are related to reduced forms and numbers. We put the
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simple forms and numbers into cycles which can be used to describe rational
period functions.

Fix p > 3. We call a hyperbolic A,-BQF Q = [A, B,C] Gp-simple if A >
0> C. If Q is a simple A-BQF, we say that the associated hyperbolic point ag

is a Gp-simple number.

Lemma 10. Let p > 3 and put A\ = X,. Suppose that Q = [A,B,C] is a
hyperbolic \-BQF' associated with o = og. Then Q is simple if and only if

o <0< a.
Proof. The proof is an exercise in calculating with inequalities. O
Next we establish the connection between reduced and simple \,-BQF's.

Theorem 3. Let p > 3 and put A = X\,. Every Gp-simple A\-BQF @ is trans-
formed into a Gp-reduced form by a single application of S\™, withn = — {QTQ} .

The set of Gp-simple \-BQFs is given by

{Q 0 84| Q is Gp-reduced, 1 < i < [ﬁ/\} } )

Proof. Put S = S and let Q be a Gp-simple \-BQF. Let & = ag be the
G)p-simple number associated with . Then o < 0 < a, so n = — [Oﬂ >1
and S"a > \. Also, —n < "‘7, < 1 — n implies that 0 < S™a’ < A. Thus
0< S" <A< S"a, and = S™« is a reduced number by Theorem 1.

To prove the second statement, we note that the set of hyperbolic numbers

corresponding to the set of A\,-BQFs in the statement of the theorem is
i I8
Z=1¢5"0]|p8is Gp—reduced, 1 <1 < NIE
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We need to show that Z is the set of GG,-simple numbers.

We first suppose that « is any G,-simple number, so o/ < 0 < «. Then
B = Sa,i=— [0‘7/}, is reduced and {g} = [%] +14 > 1. Now [0‘7/] < —1, so
i1>1,and a € Z.

Next we suppose that @« € Z. Then a = S713, 1 < i < {g}, for some
reduced B. Now i < {g} implies that & = S~'3 > 0. The fact that i > 1,
along with 8’ < X, implies that o/ = S7!3’ < 0. Thus o/ < 0 < @ and a is a

G p-simple number. O

Since there are finitely many reduced A-BQF's of a given discriminant, The-
orem 3 implies that there are also finitely many simple forms of a given discrim-
inant. Also, every reduced form @ (or number «) is connected by S7 to [ﬂTQ}
simple forms (numbers). In particular, if 8o < A then @ o S7 fails to be simple
for any j.

Simple numbers (and associated forms) may be put into cycles, using a func-
tion defined by Schmidt [9, page 234]. We use these cycles in [2] to describe
the poles of rational period functions for automorphic integrals on the Hecke

groups. This function generalizes the one used by Choie and Zagier to charac-

terize rational period functions for modular integrals [1, page 91]. For a fixed
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p > 3 define @, : [0,00) — [0,00) by

TUzx, UP(0) < x < UP~1(0)

TU?z,  UP~10) <z < UP~2(0)

TUP 1z, U?(0) <z,

where U = U,,. Given o € [0,00), the exponent i in ®,(a) = TU' is the
unique exponent between 1 and p — 1 for which TU'«a € [0, 00).

The following theorem generalizes a lemma for the modular group in [1].

Theorem 4. Let p > 3 and put A = \,. The finite orbits of ®,, are the set {0}

and the sets

Za={ag | Q € A, simple},
where A runs over all hyperbolic Gp-equivalence classes of A-BQFss.

Proof. Put S =S, and U = U,. Any finite orbit except {0} has the form

C=A{a,a1 —A...,a1 —miA a9, a0 — A, ...,
Qg — Mo, ..., Qs, s — Ay ..o, s — MY,
for some positive real numbers o, as, ..., oy, where m; = [O‘T’] >0,1<j5<s.

We must also have that
ajy1 =TUY (aj — mjM),
1<j<s—1,as well as
ay = TU" (as —mg)),

26



with 1 <i4; < p—2forall j. Now since m; = [%], we have 0 < a; —m;A < A, so
U%*H0) < aj —myA < U%(0) for some £;, 2 < £; < p—1. We have eliminated
the possibility that a; —m; A = U%*1(0), since then a; — m;A would not be

part of a finite orbit of ®,. Thus

aj+1 = <I>p(aj — mj)\)

= TUP Y8 ™iaqy,
1<j<s—1,and

ar = Dp(as —mgA)

= TUP S ™.
For each j we put 3; = Sa; and r; = [%} +1=m;+ 2> 2. Then

Bix1 = Sajn
Up—€j+15—mj a;

— Up_ej+1s_mj_1ﬁj,

for j # s, and

fo = UPttLg Tl

Reversing direction and using m; = r; — 2, we have
B; = SUTUS " Bjt1,

j # s, and

Bs = ST TU23,.
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Therefore

6]‘ = [Tj;17~-~7177"j+17-~- ,
62
j # s, and
Bs =[rs;1,...,1,r0,...].
\W—/
ls—2

Now 0 < ¢; —2 < p — 3, so the A\-CF expansions are all admissible and 3; is
Gp-reduced for each j. Clearly, the 3; are all part of the same cycle of reduced
numbers in a G,-equivalence class of numbers. Let A represent the equivalence
class of A-BQF's containing the corresponding forms. If any ones occur in the -
CF expansions, the cycle contains reduced numbers other than the ;. But these
other reduced numbers are of the form § = [1;...] < A, and are not connected
with any G)p-simple numbers. Thus all of the simple numbers associated with
forms in A are of the form S~3;, 1 < j < s, where i is a positive integer. By

the proof of Theorem 3,

N
J
= (Do 10<i—1<ml
{S a; [0<14 1_mz}j:1
= (.

O

Example 2. In Example 1 we found the reduced A5-BQF's in a G5-equivalence
class A. The forms

Qo= [3A+4,—11A— 3, A+ 2],
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and

Qs =[A\+2,-13\=5,11A + 8],

are the only reduced forms Q = [A, B,C] in A which correspond to reduced

numbers greater than A\. The simple forms in A are all related to Q2 and Qs

by S7 as
Q208 = [3A+4,3\+3,-3)\—2],
Q508 = [N+2,-T\—3,-3)x—2],
Qs5085% = [A4+2,-XA—1,-9)\—6],and
Q508 = [AN4+2,5A+1, -7\ —4].

We could calculate the corresponding simple numbers directly from these As-
BQFs. Instead, we will use the reduced numbers we found in Example 1 along

with the proof of Theorem 3. The simple numbers in A4 are

Za = {832,835, 87235, S %B5}

= {[1; 1,1,4,2],[3;2,1,1,4],[2;2,1,1,4],[1; 2,1, 1,4]}

“3A—34+vVD TA+3+vVD A+1+vVD —5)A—1+vVD
6A+S 7 2X+4  2x+4 ' 2x+4

= {04170[2,(13,(14},

where D = 135\ + 86 = Mfs‘@ Finally, these simple numbers form a finite
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orbit of ®5. We have

D5(an) = TUag = ao,
Ps5(an) = TUay =ay — )\ = as,
Ps(a3) = TUaz=as—\=ay,
5(s) = TU?a4=ay.
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