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1 Introduction

In the 1930’s Erich Hecke used the Mellin transform and its inverse to
demonstrate a systematic relationship between automorphic forms and Dirich-
let series [5, 6]. In particular, entire modular forms on the full modular group
I'(1) = SL(2,Z) correspond to Dirichlet series which satisfy a functional equa-
tion.

In [2] Eichler introduced generalized abelian integrals which he obtained by
integrating modular forms of positive weight. An Eichler integral satisfies a
modular relation with a polynomial period function. In [8, 9] Marvin Knopp
generalized Eichler integrals and developed the theory of modular integrals with
rational period functions.

In [9] Knopp shows that an entire modular integral with a rational period
function corresponds to a Dirichlet series which satisfies Hecke’s functional equa-
tion, provided the rational period function has poles only at 0 or co. Knopp
also proves a converse theorem, from which it follows that if the rational period
function has any other poles the corresponding Dirichlet series does not satisfy
the same functional equation.

In [4] Hawkins and Knopp prove a Hecke correspondence theorem in which
a modular integral with an arbitrary rational period function corresponds to a
Dirichlet series which satisfies a more general functional equation. In this case
the functional equation for the Dirichlet series contains an additional remainder
term which arises from the poles of the rational period function which are not
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at 0 or co. Hawkins and Knopp formulate their results for modular integrals
on the theta group, T'y, a subgroup of index 3 in T'(1). The theta group has
a single group relation and any rational period function on I'y must satisfy a
corresponding relation. This relation in turn imposes a relation on the remainder
term in the functional equation for the corresponding Dirichlet series.

In this paper we present a Hecke correspondence theorem for modular in-
tegrals of weight 2k € 2Z™" with rational period functions on the full modular
group I'(1). The modular group has a second group relation which imposes
more structure (than I'yp) on any modular integral, forcing its rational period
function to satisfy a second relation. This in turn imposes more structure on
the remainder term in the functional equation for the corresponding Dirichlet
series. We will show that a remainder term associated with I'(1) must satisfy
a second relation which arises from the second relation for the rational period
function and we will write the remainder term and its second relation explicitly.

A modular integral on I'(1) is also a modular integral on I'y, so we will use
the results of Hawkins and Knopp in this setting. In particular, a modular
integral on I'(1) corresponds to a Dirichlet series which satisfies a functional
equation with a remainder term arising from the poles of the rational period
function which are not at 0 or co.

In Section 2 we define modular integrals and rational period functions. In
Section 3 we describe the characterization of rational period functions on I'(1)
given by Choie and Zagier [1] (and, independently, by Parson [11]), which we
modify in order to emphasize the second relation. In Section 4 we prove the
direct Hecke theorem, in which a modular integral with an arbitrary rational
period function on I'(1) gives rise to a Dirichlet series with an associated remain-
der term. Our theorem includes an explicit characterization of such remainder
terms. In Section 5 we describe the second relation which a remainder term
must satisfy. We complete the correspondence in Section 6, where we prove the
converse theorem.

2 Modular integrals

We will consider T'(1) = SL(2,Z) to be a group of linear fractional trans-

formations acting on H, the upper half plane, by putting Mz = Zjis for
M = ( Lcl 2{) € I'(1) and z € H. With this interpretation we identify an

element M with its negative —M. T'(1) is generated by S = ((1) % ) and

T= ( (1) 7)1 ), and satisfies the group relations

T? = (ST)® = I.



Suppose F' is a function holomorphic in H and has the Fourier expansion
o0
F(z)= Z an€®™" 2z € H. (1)
n=0

Let 2k € 2Z. 1If for every z € H and M = (
modular relation

2) € I'(1), F satisfies the

(cz+d)2F(Mz) = F(2) + qu(2), (2)

we say that F' is an entire modular integral of weight 2k on T'(1). We call each

qm the period function of F corresponding to M € T'(1). In this paper we will

only consider period functions which are rational. If for every M € T'(1) we

have that ¢pr =0, then F is an entire modular form of weight 2k on I'(1).
Using the slash operator F' |o), M = F | M defined by

(F| M)(2) = (cz+d) > F(Mz),

we may rewrite (2) as
F|M=F+qy. (3)

A calculation shows that for any function F' which is defined on H and My,
My e T(1),
F | MMy = (F | M) | M,

from which it follows that

amv M, = guy | Mo+ qu,-

Since I'(1) is generated by S and T, the rational period functions for a modular
integral F' are generated by ¢gs and gr. However, the Fourier expansion (1)
implies that F' | S = F, so that gg = 0. Thus (3) is equivalent to F' | T = F+qr.
We call ¢ = g the rational period function for F', and say that F' satisfies the
modular relation

F|T=F+gq. (4)

The group relation T2 = I implies that a rational period function g satisfies
the relation
q|T+q=0, (5)

and the relation (ST')® = I implies that g satisfies the second relation
q|(ST)*+q|ST+q=0. (6)

Knopp [7, ¢ II] showed that any rational function satisfying (5) and (6) is in
fact the rational period function for a modular integral. In other words, (5) and
(6) characterize the set of rational period functions for a given weight.



3 Rational period functions

This section summarizes the results we need concerning the characterization
of rational period functions on I'(1). It also describes modifications, in which we
write each rational period function in a way that emphasizes the second relation
(6). We do this in order to describe the second relation for the remainder term
in the functional equation of the corresponding Dirichlet series.

In [9] Marvin Knopp proves that the poles of a rational period function on
I'(1) occur only at 0, co, or at real quadratic irrationalities. He also shows that
when the weight 2k is positive and the period function has only rational poles,
it is of the form

o ={ otz e s )

where ¢, ci, and ¢y are complex numbers. The function c¢(1 — z=2*) (for any
k € R) is the period function for the trivial modular integral F'(z) = —c. The
function cp2~! is a multiple of the period function for E3(z), the Eisenstein
series of weight 2 on I'(1).

In [3] Hawkins describes the pole set of a rational period function and shows
that it is the disjoint union of irreducible systems of poles. If ¢(z) has a pole
at a fixed quadratic irrational number «, an irreducible system of poles, P(«),
is the minimal set of quadratic irrational numbers which must be poles of ¢(z)
because of (5) and (6). Hawkins also observes a connection between irreducible
pole sets and indefinite binary quadratic forms.

We will use the following definitions and properties of quadratic forms which
can be found in [13]. Let A, B and C be relatively prime integers such that
D = B? — 4AC is positive and not a square. Then Q(z,y) = Az? + By + Cy?
is called a primitive indefinite binary quadratic form of discriminant D. We
also denote Q(z,y) by Q = [A, B, C].

Given a quadratic form Q(z, y) of discriminant D and a matrix M = ( (Cl 2 )
I'(1), define

Qr,y) = (Qo M)(z,y) = Qax + by, cx + dy),

which is another quadratic form of the same discriminant D. Suppose that @)
and Q are two binary quadratic forms of discriminant D. We will say that @ and
Q are equivalent in the narrow sense, and write @ ~ Q, if there is an element
M of T'(1) such that Q = @ o M. The relation Q ~ Q is an equivalence relation
(narrow equivalence) on the set of quadratic forms of a given discriminant. Let A
denote a narrow equivalence class of binary quadratic forms and define another
(not necessarily distinct) equivalence class of forms,

A~ ={[-A,—B,—-C]:[A,B,C] € A}.



We will use a natural correspondence between binary quadratic forms and
real quadratic irrational numbers. The form @Q = [A, B, C] is associated with

a=o0g = B+YD e of the roots of Q(z,—1) = A2?2 — Bz + C. We will write

24
Q) — a to denote this correspondence. The other root o/ = £ ;Xﬁ

with the negative form —Q = [-A, —B, —C].

A quadratic form is said to be simple if A > 0 > C. Quadratic irrational
numbers associated with simple forms are also said to be simple. A quadratic
irrationality « is simple if and only if @« > 0 > o/, where o’ is the algebraic
conjugate of a. A quadratic form is said to be reduced if A > 0, C' > 0, and
B > A+ C. Reduced quadratic irrational numbers are those associated with
reduced forms. A quadratic irrationality « is reduced if and only if & > 1 >
o’ > 0. Each narrow equivalence class A contains a finite, positive number of
reduced forms [13].

Hawkins proves in [3] that an irreducible pole set P(«) corresponds to the
set of reduced quadratic forms in a narrow equivalence class. Since any class
A of forms corresponds to a unique irreducible pole set we will also denote the
pole set by P(A).

Choie and Zagier [1] establish a connection between the simple quadratic
forms in an equivalence class A and the pole set P(A). Let Z4 denote the set
of simple quadratic irrational numbers which are associated with A.

is associated

Lemma 1 (Choie and Zagier) P(A) = Z,UTZ,4.

It is worth noting that Z4 is the set of positive poles in P(A) and that TZ4 =
{—1/a | a € Z4} is the set of negative poles in P(A).
Choie and Zagier show that any rational period function ¢ of weight 2k has

the form
9(2) =D Ca Y (qa(2) = ara(2)) + ¢o(2)- (8)
A

aEZ

The outer sum is on the (finite number of) classes of binary quadratic forms
which correspond to the irreducible pole sets of g. Each C 4 is a complex number
which depends only on the class A. The functions g, and qp, are the principal
parts of ¢ at a and T, respectively, normalized so the coefficients of (z — a)~*
in g, and (z —Ta) ™% in g7, are both one. The function q} is a rational function
with a pole only at zero of order at most 2k.

A complete description of the rational period function ¢(z) requires explicit
expressions for the functions ¢, and gro. Let PP,[f] denote the principle part
of f(z) at z = a. Choie and Zagier prove the following lemma.

Lemma 2 (Choie and Zagier) Let « be a quadratic irrationality, o its con-
jugate. Then

gu(z) = PP, (o — )" ] — PP, [ (9)

Dk/2
(z —a)k(z — o)t }

(az? — bz + c)F



where [a, b, c] is the binary quadratic form associated to o and D is the discrim-
inant of [a, b, c].

The proof of Lemma 2 also shows that under the same assumptions,

(O/ —Oc)k 7 (_1)ka/2
(z—a)’f(z—a’)’f} =Pl {(azz—bz—&-c)k} - (10)

Gor (2) = PPy {

an expression which we will use later. We may write g, and g, in a more
explicit way, using the partial fraction decomposition

1 L 2k—1-1\ (@ —a) 2 (=-1)*
(az2 — bz + c)k - QTZ( k—1 ) (z — a)t

=1
1 F . a— a2k (_1)k
+ak;(2kk—11 l>( (Z)_a,)(z L
We have .
. o — ok (1)l
qa(2) = Z ( 2kk _ll ! ) ( (z)a()l ) ) (11)
=1
and

ok 11 (a—a)t
qa/(z)ZZ( k—1 )m (12)

We will modify the characterization of rational period functions given by
Choie and Zagier in order to emphasize the second relation. We begin with
an alternative way to express an irreducible pole set P(A), in which we write
the negative poles as algebraic conjugates of the positive poles. Let Z’; denote
{o/ 1 € Z4}.

Lemma 3 P(A) = Z4UZ) ...

Proof: A routine argument demonstrating containment in both directions
shows that TZ4 = Zj,_,. This, along with Lemma 1, completes the proof.
O

We will rewrite the part of a rational period function which corresponds to
the poles in Z4 which are between zero and one. The following lemma will
allow us to distinguish these poles when using the assosiated quadratic forms.

Lemma 4 Suppose that a is a simple quadratic irrational number associated
with the quadratic form [a,b,c|. Then

(i) a>1if and only if b > a+ ¢, and

(i) 0<a<lifand onlyifb< a+ec.



The proof of Lemma 4 is a routine exercise in using inequalities.

The next lemma will allow us to rewrite those poles in P(A) which are
images under (ST)? of other poles in P(A). Since (ST)~! = (ST)? these are
the poles whose images under ST are in P(A).

Lemma 5 For every equivalence class A of quadratic forms we have
(i) {B81B€Z40<B<1}={(ST)d |a€ Zgs-1,a>1}, and
(i) {#'|Be€ Zpa,0< B <1} ={(ST)?a | € Za,00 > 1}.

Proof: Statement (i) is equivalent to statement (ii), as we can see if we replace
every element with its algebraic conjugate and interchange the class names A
and 0 A~1. An argument which involves containment in both directions and
some tedious manipulations shows that statement (i) is true. O

Choie and Zagier observe, in a somewhat different form [1, page 95], that

foranyM:(Ccl S) eI'(1),
QMaZQOz|M717PPa/c[QO¢|M71], (13)

where PPa/C da | M7'] (2) has a pole at z = a/c of order at most 2k — 1. If
((1) :1> then M~1 = ST = (% _01 > and a/c = 0. Thus we
have

q4(ST)2a = qo | ST — PPy [QQ|ST]7 (14)

where PP [q.|ST] has a pole at z = 0 of order at most 2k — 1.
We may now express any rational period function on I'(1) in a way that
emphasizes the second relation. By the proof of Lemma 3 we can rewrite (8) as

Z CA Z qa — Z o/ ¢+ q6
A

aEZ A aEZGA_l

<
Il

DCaS D dat D a5 D dw— Y, a4yt
A aEZ BEZ 4 €2, 1 BEZy 41

a>1 0<B<1 a>1 0<B<1

Lemma 5 and (14) imply that

Z ap = Z q(sT)2a’

o<1 e
= Y (g | ST = PPy [qu|ST]),
QGZGA*1
a>1



and

Y ap = D asmra

ﬁeZeA,l a€EZ g
0<B<1 a>1

= > (qa| ST — PPy[4a|STY).
a€Z g

a>1

This gives us

=Y Cad > ta|T=ST)= > qu|(I=ST)}+aq, (15)
A a€Z g QEZ, 41

a>1 a>1

where
Go=qy— > PPRlg|ST]+ Y  PPlqalST]

a€Z, 1 a€EZ 5
6A
a>1 a>1

is a rational function with a pole only at zero of order at most 2k. The functions
go and go are given by (11) and (12).

The expression (15) emphasizes the fact that ¢(z) satisfies the second relation
(6) because each of the terms g, | (I — ST) or qo | (I — ST) by itself satisfies
the second relation. Since g must satisfy the second relation, qo must satisfy it
as well. With this construction ¢y can be thought of as a correction term for the
first relation (5). It is the sum of a rational period function of the form (7) and
a function with a pole only at 0 which corrects for the possibility that g — g
(the rest of ¢) may not satisfy the first relation.

We will write ¢(z) in a more explicit form. Let

1
Gai(z) = m, and
1
Gora(z) = m- (16)
Put 8 = (ST)?« and 3 = (ST)%a’. Then
ﬁ/l
(¢ | ST)(2) szl((z)ﬂ/)z’ and
ﬂl
(qar i | ST)(2) 2R By (17)

With this notation (11) and (12) are

a(z) =Y (P ) (=) ) (18)

=1



and

i ( i ! _l ) (=)' Fgar . (19)

Substituting (18) and (19) into (15) we have

_ ZC«A Z Z(Qk‘—l—l)( —O/)lik(*l)likqa’l|(I*ST)
A

acezZy =1
a>1
: 2k 1 l
- Y Y () @=a) P [ U= ST) ¢ +ao,
a€Z, 1 l=1
a>1
(20)
where gp may be written as
2k
qo(z) = Z z% (21)

with the b,,,m = 0,1,...,2k complex constants. Finally, if we use (16) and
(17) to replace gaiy 9ui|ST, Gar,; and g ;|ST then (20) is

:ZCA
A

k /

k
R G i (= s =)

(VGZBA 1 1=1
a>1

+q0(2). (22)

4 The direct Hecke theorem

In this section we prove that a modular integral of positive, even weight
2k on I'(1) leads to a Dirichlet series with a functional equation. We derive an
explicit form for the remainder term in the functional equation, which is based

n (20).
Suppose that F(z) is an entire modular integral on T'(1) of weight 2k € 2Z+
with rational period function ¢(z). We may assume without loss of generality



that F'(z) is a cusp modular integral, i.e., that ag = 0 in the Fourier expansion
(1). This is because F(z) = —1 is a trivial modular integral of weight 2k on
I'(1) with rational period function ¢(z) = 1 — z72*.

Write z = x + iy with 2,y € R. It can be shown [7, 622-623] that F' satisfies

[F()| <K (|e[*+y7%), ze X (23)

for some positive real numbers K, a and 8. It follows that the coefficients a,,
in the Fourier expansion (1) for F' satisfy

an = O(n?), n — +oo. (24)
This, with ap = 0 in (1), implies that
F(iy) = O(e™™), y — +o0. (25)
Because of (23) and (25) we may consider the Mellin transform of F,
0 ) sdy
o) = [ Flny . (26)
0

a function of the complex variable s = o + it. The integral in (26) converges for
o > . For 0 > 4+ 1, we can integrate term by term to get

O(s) = (2m)°T'(s)o(s), (27)

where -
o(s) = " (28)

n=1

is the Dirichlet series associated with F. The bound on the growth of the
coefficients a,, (24) implies that sum in (28) converges absolutely and uniformly
on compact subsets of the right half plane o > 8+ 1, so that ¢(s) is analytic
there.

Using the modular relation (4) we have

1 (e’
- sdy -1 —sdy
|, Fiw) = F<y)y v
0 1
) < _dy il _.dy
= / F(iy)y* ?HQ’“ / qliy)y* =
1 1

Y
Thus

where



and

B(s) = i? / h q(z’y)y%*sdg (30)

It is not hard to see that D(s) is entire and satisfies the functional equation
D(2k — s) —i**D(s) = 0. (31)

From (20) and (21) we know that ¢(z) = O(1) as |z| — oco. Thus the integral
defining E(s) in (30) converges in the right half plane o > 2k.

We will need more information about the analytic properties of E(s), for
which it is easiest to refer to [4]. Hawkins and Knopp prove in [4] that E(s),
and hence ®(s), has a meromorphic continuation to the s-plane with, at worst,
simple poles at integer points m < 2k. They also show that ®(s) is bounded in
every lacunary vertical strip of the form

S(o1,02;t0) : 01 <0 < og, [t] >t >0, (32)

where o1, 09, and tg are real numbers.
Since ®(s) has a meromorphic continuation to the whole s-plane we may
write the functional equation which is suggested by (31),

®(2k — 5) — i?*®(s) = R(s), (33)

where R(s) is a meromorphic function which we will call the remainder term.
Then by (31) we have

R(s) = E(2k — s) —i**E(s), (34)

from which it is clear that R(s) depends only on the rational period function ¢
and not on the modular integral F. The expression (34) (or (33)) implies that
R(s) satisfies the (first) relation

R(2k — 5) +i**R(s) = 0, (35)

which was first observed by Hawkins and Knopp [4].

We will find an explicit expression for R(s) using (34) and the representation
(20) for a rational period function on I'(1). This will give meaning to the
functional equation (33) and it will enable us to prove a converse theorem. Put
E,(s) = B(2k — s) and Ey(s) = —i?*E(s), so that

R(s) = Eq(s) + Ep(s). (36)

By (30) we have

Eq(s) =" /1 h q(iy)ys%7 (37)

11



and

Ey(s) = — /100 Q(iy)y%’s%y- (38)

If we use the first relation (5) to replace ¢(iy) in (38) we have

. o0 -1 _.d
Ey(s) = 22'“/ q(.>y =2
1 1Y Yy
1
. . d
= / gy 2. (39)
0 Yy

It would be convenient to use (36), (37) and (39) to write R(s) as the full
Mellin transform of ¢(z). We may not do this in general, however, since there is
not necessarily any region in the s-plane in which both integrals converge. Yet
the expression (36) is valid, since E,(s) and Ejp(s) are defined in terms of E(s),
which we know is meromorphic in the entire s-plane.

A simple calculation shows that the parts of E,(s) and E,(s) which arise
from qg cancel each other, so that ¢y contributes nothing to the remainder term.
As a result, we may write

R(s) = Bus) + Bu(s), (40)
where - J
F(s) = i / {ativ) - aoin)}* Y,
and

Bis) = [ {atin) - qouy)}ys%

We will use (22) to write ¢ — go as the sum of two functions which we can
consider separately. Let

- Qk—l—l ni—k -k 1
= Yo TR (M) et en ()

aczy 1=1
a>1
L 0]

and

L o B 7/6/l
6 = el T () - e (et

A aczy =1
>1

12



k
C X (e () g @

where the outer sum in each expression is on the equivalence classes which
correspond to the irreducible pole sets of ¢(z). Then by (22) we have

g—a=q¢" +q%,
so that
5 o0 d o0 d
Eu(s) = " / g (iy)y* =Y + i / ¢ (iy)y* =
1 Y 1 Yy

= ED(s)+ EP(s),

and

1 1
R , L dy L .d
Ey(s) = 22’“/ gD (iy)y* =Y +22’“/ ¢ (iy)y* =Y
0 Yy 0 Yy
= EM(s) + EP(s).
This, with (40) gives us
R(s) = BV (s) + B () + BV (s) + B (s). (43)

The integral for E((Ll)(s) converges for ¢ < 1 and the integral for Eél)(s) con-
verges for o > 0. Thus, for 0 < o < 1, we have

RW(s) = EWM(s) + £V (s) (44)
_ 7;219 o (1)Z sdﬁ'
/0 g (iy)y y (45)

The integral for E,g2)(s) converges for o < 2k and the integral for EIEQ)(S) con-
verges for o > 2k — 1. Thus, for 2k — 1 < o < 2k, we have

RO(s) = BO )+ B (s) (46)
_ Z-Qk > (2)1 sdﬁ.
/0 @y (47)

As a result the determination of R(s) reduces to the evaluation of the integrals
- dy Ty dy

RO)(s) = i%/ o1 (19)y° — = iQ’“/ : —
o o Yy o (iy—a) y’

. o L sdy o0 y° dy
R@(s) = sz/ Wil ST) i)y L = i2k (3 l/ : . Y
a,l( ) ) (q ,l| )( y)y y (6) o (zy)%—l(zy — ﬁl)l y

13



o0 d (o] S d
R{)(s) = i / Gor i)y 2 = i / 4 and
’ 0 Y o ( Y

@ o — 2k [ s o [T y dy
Rorals) = /0 (e tlSTY )" =1 ﬂ/o (iy)* =iy =By’
(48)

with 3 = (ST)?/, ' = (ST)?, and 1 <[ < k.

The evaluation of these integrals will involve exponential functions of the
form 2% = e?1°8% where logz = log|z| +iargz for z € C. We will take the
principal branch for each logarithm, using the convention that —7 < argz < .

In order to evaluate the integrals in (48) we use the representation for the
beta function [10, page 13]

oo ta_l
B(a,b) = ———dt
(a’> ) /O (1+t)a+b ’

valid for Re a > 0 and Re b > 0. Let § be a nonzero real number and change
variables by putting y = idt. If we use a contour integral to move the path of
integration to the positive real axis, we have

. e a dy
B(a,b) = b(sb/ S
(a,b) = o (y+id)att y

We replace b with b — a and rearrange to get

> ya dy -a—2bca—b
— = = 0 ’B(a,b—a), 49
/o (iy—0)b y ( ) 49

for0<Rea<Reb, d R, #0.
Using (49) to evaluate the integrals in (48), we have

(s) = it 25 IB(s, 1 — ),
W(s) = i T(E) T B(s — 2k 41,2k — 5),
R (s) = it 2oy B(s,1 — 5),
(s) = i*72ps=2kHB(s — 2k +1,2k — ). (50)
Now we may use (44) and (46) in (43) to write
R(s) = RY(s) + R (s). (51)

The expressions (45) and (41), along with the notation of (48), imply that

k
RO = 30a) XN () o) R
A

aczZy =1
a>1

14



zk: ( 2k — 1 —1 ) (o a/)l—kRS/),l

_1 l=1

M

aEZ
e

o)
X»

Similarly, (47) and (42) imply that

= ZCA Z Ek: ( Zk;k—_ll—l ) (@ _a/)l—k(_l)l—k (—Rf%)
A

Using these expressions in (51) we have

- 20 Zz(Qk—l‘l)< o) )RR - RE)

acZy =1
a>1

Then, by (50), we have the expression

ZCA Z Z ( 2k — 1 —l ) (a — &)=k (=1)!—*

aczy I1=1
a>1

X(is+2k72lasle(S’l _ 8) _ i572k(6/)sf2k+13(3 —2k+1,2k — S))

Z zk:(%ll)(a—o/)l_k

QEZBA 1 =1
a>1

x (T2 (/)T B (5,1 — s) — i 72k 352k B (s — 2k + 1,2k — 5))
(53)

15



We can replace 8 and 3/, using 8 = (ST)?/ = 5 and 3’ = (ST)%a = .
After simplifying, the result is

ZOA Z zk:(Qk—l—l)(aa/)lk
A

a€Zy l=
a>1

x (i 'B(s,l — s) — i *(a— 1)**="'B(s — 2k + 1,2k — s))

i ( 2k — 1 —l ) (a — )=k (=1)!=*

QEZy 41 =1

a>1

x (i*(0') " B(s,1 — 5) —i~*(a’ = 1)* " B(s — 2k + 1,2k — 5))

We have proved the following theorem.

Theorem 6 Suppose that F(z) is an entire modular integral of weight 2k € 27
on T'(1), with rational period function q(z) given by (22); suppose that F has
the Fourier expansion (1) with zero constant term, so that (25) holds. Let ®(s)
be defined by (26) for o > (3.

Then for o > B+ 1, ®(s) is also given by (27) and (28), and
(a) ®(s) has a meromorphic continuation to the whole s-plane with, at worst,
simple poles at integer points m < 2k. ®(s) is represented for o > 3 by

®(s) = D(s) + E(s).

D(s) is given by (29) and is entire, and E(s) is given by (30) and has a mero-
morphic continuation to the whole s-plane. Furthermore,

(b) ®©(s) is bounded in every lacunary vertical strip of the form (32), and

(c) ©(s) satisfies the functional equation (33) where R(s) is given by (54).

Remark. The expression (54) for R(s) involves exponential functions and
beta functions, as does the expression Hawkins and Knopp obtain in [4] for
a remainder term associated with I'y. Hawkins and Knopp get their result
by calculating E(s) directly, using integrals from 1 to oo as in (30). These
partial Mellin transforms involve ordinary hypergeometric functions. Hawkins
and Knopp calculate the remainder term using (34) and several hypergeometric
function identities, and in the end the hypergeometric functions drop out. We
have bypassed the steps involving hypergeometric functions by using the first
relation (5) to combine integrals as in (45) and (47). The resulting expressions,
which are full Mellin transforms, involve beta functions.
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5 The second relation

We have already observed that the remainder term R(s) satisfies the relation
(35). In this section we will describe a second relation which R(s) must satisfy.
This second relation follows from the fact that the corresponding rational period
function ¢(z) satisfies (6).

Suppose that « is one of the poles of ¢(z) which is denoted by « or o’ in (22).
(In order to simplify the notation we will suppress the prime if « is negative.)
Let 8= (ST)?a and v = (ST)?83, so that o = (ST)?y. Then 3 represents one
of the poles of ¢(z) which is denoted by 8 or 3’ in (22). Fix I, 1 <[ < k and
put

1
Q1(2’) = m,

5[
@(z) = (q|ST)(2) = m,
(=1

=)=

Then by (22) ¢ — qo is a linear combination of terms of the form

a3(2) = (@l(ST)*)(2) = (55)

4d=aq — g2,
and |ST maps ¢1 — g2 — g3 — q1. As a result each term § satisfies the second
relation (6), since
4IST = g2 — g3
and

q(ST)? =q3 — q1.

In order to write the terms of R(s) which correspond to ¢1, g2 and g3 we put
. o Ldy
Ri(s) = [ ay(in) (56)
0 Y
for j =1,2,3. Then R(s) is a linear combination of terms of the form

R=R, - R,.

The integral defining R;(s) converges for 0 < o < [, the one defining Ra(s)
converges for 2k — [ < o < 2k, and the one defining R3(s) converges for 0 <
o < 2k. We know that R; and Ry are in fact meromorphic in the entire s-
plane, since they have been written explicitly in (50). Rs(s) has a meromorphic
continuation to the entire s-plane as well, but we shall not need that result for
our proof. Since the integral defining Rs3(s) converges in the strip 0 < o < 2k,
we have Rj(s), Ra(s) and R3(s) all defined in the strip 0 < o < 2k.
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Let a, b and ¢ be real numbers, let », m and [ be nonnegative integers, and
put

. _ 2k >~ y° dy
Rrmals;ab,9) =1 /0 (iy —a)"(iy = b)™(iy — ¢)' y ' (57
The parameters a, b and ¢ will represent poles of terms of the rational period
function, and 7, m and [ will denote the respective orders of the poles. The
region of convergence for the integral in (57) depends on the values of a, b, ¢,
r, m, and [. With this notation we have

Ri(s) = Roou(s;0,1, ),
Ry(s) = B'Rok—10,(5;0,1,8)
and Rs(s) = (v—1)'Roox—14(5;0,1,7), (58)

with 3 = (ST)2«, v = (ST)?3 and a = (ST)?.
Define the mapping p by

P(Rrmi(5;0,1,0)) = i** Ry 1 (2k — 51,0, ¢ — 1). (59)
It is clear that p is linear, i.e., that
plarR1 + azR2) = a1p(Ry) + azp(Rs)

for any constants a; and as and functions R; and Ry of the form (57). The
mapping p is the image of the mapping |ST on the modular integral side of the
correspondence.

The next lemma will allow us to rewrite the right hand side of (59).

Lemma 7

Rr,m7l(2k - S5 _17 07 ¢ - 1) = i_Qk_Qm((ST)2¢)IR2k—T—m—l,r,l(5; 07 1a (ST)2¢)

The proof uses the integral definition (57), a change of variables, and some
simple manipulations.
Using Lemma 7 we may write the mapping p in an alternative way as

PRy 1(5:0,1,0)) =i 2™ ((ST)*¢) Rak—r—m—1.41(5;0,1, (ST)?¢).  (60)

We can now use p to state a relation which R satisfies and which reflects the
fact that ¢ satisfies (6).

Theorem 8 Let Ry, Ry and Ry be given by (56) and (55). Suppose that R =
Ry — Ra, and suppose that p is the mapping defined by (59). Then R satisfies
the relation

R+ p(R) + p*(R) =0.
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Proof: We first show that p: Ry — Ry — R3 — R;. Using (60) we have

p(R1(s)) = p(Roo.(50,1,a))
B'Rok—1.04(5;0,1,8)
= RQ(S).

Also,

p(Ra(s)) = B'p(Rok—1,0.(5:0,1,03))
B4 Rook—1,1(5;0,1,7)

= (v—1)'Roor—1,(s;0,1,7)
= Rs(s),

since § = STy = "’7_1 Finally,

p(Rs(s)) = (v—1)'p(Ro2r—11(5;0,1,7))
= (y- l)lozlileO,O’l(s; 0,1,a)
= RO,07l(S;0717a)
- Rl(s),

sincey=STa=1—-1/a,ory—1=—1/a.
Thus we have

p(R) = Ry — R3
and R
p°(R) = R3 — R,
so that R R R
R+ p(R)+ p*(R) =0. o
We can now extend the second relation to the entire remainder term.
Corollary 9 Suppose that R(s) is the remainder term for a Dirichlet series

which corresponds to an entire modular integral F' with rational period function
q onT(1). Then R(s) satisfies

R+ p(R) + p*(R) =0, (61)
where p is the mapping (59).

Proof: Any rational period function on I'(1) can be written as in (20) so that
q — qo is a linear combination of terms of the form ¢ = ¢ — g2 with ¢; and ¢
given by (55). Then, since gy makes no contribution to the remainder term,
R(s) is a linear combination of terms of the form R= R; — Ry where R; and
Ry are given by (56), hence by (58). Theorem 8 implies that R satisfies (61).
The corollary follows from the fact that p is a linear map. O
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6 The converse Hecke theorem
We now prove the following converse to Theorem 6.

Theorem 10 Suppose the Dirichlet series

o0
an

ols) = = (62)

converges absolutely in the half-plane o > ~; suppose that the function ®(s)

defined by
B(s) = (2m)°T'(s)o(s) (63)

satisfies:

(a) ©(s) has a meromorphic continuation to the whole s-plane with, at worst,
simple poles at integer points s;

(b) ®(s) is bounded in every lacunary vertical strip of the form

S(o1,09;t0) 1 01 <o <o, |t| >t >0; and (64)
(c) ®(s) satisfies the functional equation
2k — 5) — i**®(s) = R(s), (65)

where R(s) is given by

k
ZCA Z Z ( 2k — 1 —l ) (a — a/)l—k(il)lfk
A

acZy l=
a>1

X(is+2k72lasle(s’l o 5) . 2‘872]6 (51)572k+l3(5 — 2k + l, 2k — 5))

Z Z(%—l—l)(a_a)z k

Q€24 41 =1
a>1

(iR (o)) B(s,1 — 5) — 23 2K B (5 — 2k 4 1, 2k — 5))

(66)

with the outer sum on a finite number of equivalence classes of binary quadratic
forms, 8= (ST)%a’, and ' = (ST)?«.
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Then ¢(s) is the Dirichlet series associated with an entire modular integral
F of weight 2k on T'(1) with rational period function

:ZCA
A

y Z Z ( o — 1 —l ) (o — a')l*k(—l)l*k ((z —1a)l - Z%l((ﬁz,)i 5/)1)

a€Zy I1=1
a>1

k
- T (T e (- mty)

aEZeA 1 =1
a>1

+o(2) (67)
where qo has a pole only at 0 of order at most 2k.

(For convenience we have renumbered (33), (53) and (22) as (65), (66) and (67),
respectively.)
Proof: Since ¢(s) converges absolutely in o > 7, we have

an = O(n’™h).

Thus we may form

o0
_ Z ane27rinz,
n=1
which converges for all z = x + 4y in the upper half-plane H. Now e™Y is the
inverse Mellin transform of the gamma function I'(s), i.e.,
1 c+ioco
V=— Tr —*d 68
€ o) (s)y~*ds (68)
for any positive real numbers ¢ and y. Let L be a positive integer with L >
and L > 2k. Fix ¢ with L < ¢ < L + 1, from which it follows that for o > ¢,

Then for y > 0,
e o] 1 c+io00
F(iy) = an, </ F(s)(27my)sds>
1 e

= 2ms 00
1 c+ioo . o an .
= 5= /Ciioo (2m)7°T'(s) <Z s) y °ds
n=1
1 c+ioo
= — o °d 69
27'('2 oo (S)y S’ ( )



and F(iy) is the inverse Mellin transform of ®(s). The interchange of the sum
and integral above is valid by Stirling’s Formula,

IT(0 + it)| ~ V2r|t|7 =Y 2e ™ H/2 |t] - . (70)

We would like to move the line of integration in (69) from o = cto o = 2k—c.
In order to do this we note that by Stirling’s Formula (70) and the fact that
¢(s) is bounded on the line o = ¢,

O(c+it) =0 (e‘dt‘) , [t — oo,

for any €, 0 < € < m/2. By the functional equation (65) and the expression for
R(s) (66) we have that

P2k —c—it)=0 (efﬁ\tl) , |t] — oo

By assumption, ®(s) is bounded in the lacunary vertical strip S(2k — ¢, ¢;tp)
for any to > 0. Thus the Phragmén-Lindel6f principle implies that

B(s) =0 (e—elﬂ) . [t — oo,

S

uniformly in 2k — ¢ < ¢ < ¢. Now y~* is bounded uniformly in 2k — ¢ < 0 < ¢,

SO
c+iT

lim O(s)y~°ds = 0. (71)
|| =00 Jok—ctiT
Using (71) we may move the line of integration from o = ¢ to 0 = 2k — c.
Since L <c< L+1and 2k—L—1<2k—c < 2k— L, we pick up the residues
of the integrand at s = 2k — L,2k — L —1,..., L — 1. (The integrand ®(s)y—*
does not have a pole at s = L, since ¢(s) converges absolutely for o = L.) We
get

1 2k—c+ioco 1 L-1
F(iy) = / O(s)y~*ds + 32 Z Res{®(s)y~°}.
2

271 e e—ioo iy s=m

Using the functional equation (65) we have

i_2k 2k—c+ioco i_Qk 2k—c+ioco
F(i = — 2k — “Pds — —— R —°d
(Zy) 271 2k—c—ioco ( S)y i 27 2k—c—ioo (S)y ’
1 L—-1
— {D(s)y "}
tor 3 Res(e(n) (72)

A change of variables and (69) imply that

Z-_Qk 2k—c+ioo
/ D2k — s)y~°ds = (F|T)(iy).
2

2mi k—c—ioco
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Thus (72) is

i72k 2k—c+ico 1 L-1
(FIT)(iy) - Fliy) = >— Ris)y*ds— 5~ 3 Res{®(s)y~*}.

2mi 2k—c—ico m=2k—1L

(73)

We will show that the right hand side of (73) is ¢(iy), with ¢(z) given by
(67). The sum in (73) is q(()a)(iy), the rational function given by

L-1

w2 = 3 emz™, (74)

m=2k—L

where .
i
Cm = %iensl{é(s)}

We next evaluate the integral in (73). Because of the expression (66) for
R(s) we need to evaluate the integrals

1 2k—c+ioc0

— 5T 2557 B(s,1 — 5)y~*ds, (75)

2mi 2k—c—ico

and
1 2k—c+ic0

— iSRG B (s — 2k 41,2k — s)y~*ds, (76)
2mi 2k—c—ioco
forleZ, 1<I<k,andd € R, §#0.
If we let @ = s and b =1 in (49) we have

Ty Ay e
——— 2 =i°"%§ " B(s,l — s),
/o (iy—0)' y ( )
for 0 <o <landé € R,§ # 0. Since ﬁ is of bounded variation, we have

the inverse Mellin transform [12, Theorem 9a]

1 e i*"H5 B(s,l — )y~ *ds = o
27 c—100 7 Y B (Zy - 5)l ’
for 0 < ¢ <l and y > 0. Letting ¢ = 1/2 we have

1 1/24i00 okl . iQk
1 ) B(S,l—s)y dszm,

for any y > 0. To evaluate (75), we move the line of integration from o = 2k — ¢
to o = 1/2, which we may do because B(s,] — s) decays exponentially on any
vertical line. We pick up the negatives of the residues at s = 2k — L,2k — L +

— 77
2mi 1/2—ico (77)
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1,...,0, since 2k — L — 1 < 2k — ¢ < 2k — L and we are moving the line to the
right. Then we apply (77) to get

1 2k—c+ioco
is+2k_2l(ss_lB(S,l _ S)y_st

2mi 2k—c—ioc0
ik 1 2 +2k—21 gs—1
= - — E Res{i* ™" =='6°~'B(s,l — s)y~°}
Y s=m
(iy — 9) 27 ity
-2k 0 5.1
S a6 L) (78)

(iy—o)! L= (i)™

The coefficients a,,(d,1) are given by

,L'2m,+2k—2l6m,—l

am(6,1) = TS&%{B(SJ—S)}

(= D)EReIT( - m)
- 2ml(1-m)l() (79)

forl1<i<kandm=2k—-L,2k—L+1,...,0.
To evaluate (76) we observe that

/OO Y dy _ o /oo y T dy
o (iy)*k=liy —0) y o (ly—=90)ly

= *6°?*B(s — 2k + 1,2k — s),

for 2k — 1l < 0 < 2k, 1 <1<k, using (49) with a = s — 2k + [ and b = [. Since
W is of bounded variation, we have the inverse Mellin transform [12,
Theorem 9a],

1 c+ioco 1
— 1°6° "2 B(s — 2k + 1,2k — 8)y~*ds = —5r——=7
2mi c—100 ' (8 h S)y ’ (iy)Qk_l(iy - 6)l
for 2k — 1 < ¢ < 2k and y > 0. In particular, letting ¢ = 2k — 1/2 we have

L 5k TH B(s — 2k 41,2k — s)y~°d "0k
270 Jop—1/2—ic0 ' ’ ’ R (iy) 2= (iy — )
(80)

for any y > 0. Then to evaluate (76), we move the line of integration from
o =2k —ctoo=2k—1/2, which we may do because B(s — 2k + 1,2k — s)
decays exponentially on any vertical line. We pick up the negatives of the
residues at s =2k—L,2k—L+1,...,2k—1 ,since2k—L—1<2k—c < 2k—-L
and we are moving the line to the right. Then we apply (80) to get

1 2k—c+ioco
— P57 B(s — 2k + 1,2k — )y *ds

2mi 2k—c—ic0
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Z’*2k§l 1 2k—1 . "
= i N2k—l(i — S\ 9 Res{i®*“"§°~ Bl(s — 2k + 1.2k — —s
Ty o o, 2 Rl (5= 2k + 1.2k = )y}

B i=2k gl T b(6,0)
S @2, o

The coefficients b,,(d,1) are given by

Z‘2m72k5m72k+l

bn(0,1) = 5 ———Res{B(s — 2k + 1.2k — s)}
T s=m
(_1)k+15m—2k+z
2
2mi(2k —m — )\’ (82)

forl1<i<kandm=2k—-L2k—L+1,...,2k—1.
We can now evaluate the integral in (73). If we substitute (66) and use (78)
and (81) we get

Z‘72k: 2k—c+ioco

T R(s)y °ds = ; Ca

2k—c—io0

L . B 1 1
AT (T et (-

acz =1
a>1

k
Y ( 2k -1t ) (a—a)i=* <(iy _la/)l B (z’y)%il@’y - W)

QEZ, 41 =1
a>1

—a(iy), (83)

where q( )( ) is the rational function

a5’ (2)
721@20“4 Z Z ( 2k — 1 —l ) (o — )k (—1)t=k
T
0 (ol %y (B
(3 mld. 5 00
m=2k—L m=2k—L
k
Z ;(2k—1_l)(a—a’)lk

.
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0 ’
(5 e 5 )],

m=2k—L m=2k—L

Using (74), (83) and (84) in the right hand side of (73) we have, for y > 0,
that
(F|T)(iy) = F(iy) + q(iy), (85)

where

2)=> Ca
)

k /
x Z Z ( 2kk‘_—1 l_l ) (a—a’) " H(=1)" ((Z _la)l - sz—l((i)i ﬁ’)l)

aczZy =1
a>1

k
- T (e (- mt)

Q€24 41 =1
a>1

+qo(2) (86)

and

(=) = - é“)— “’)

= Z —jn’. (87)

The expression given by (86) and (87) for ¢ is the same as (67) except that
Go may have a pole at oo or a pole at 0 of order greater than 2k. We use the
identity theorem to extend (85) to

(FIT)(2) = F(2) +q(2)

for z € H. Thus F(z) is a modular integral of weight 2k on I'(1) with rational
period function ¢(z). Since ¢(z) is a rational period function of positive weight
2k for T'(1), it cannot have a pole at co and the pole at zero is of order at most
2k [3]. Thus we must have d,, =0 for 2k — L <m < 0 and for 2k <m < L -1
in (87). As a result go has the form

()= (58)
m=0

and ¢(z) is the rational period function in (67). O
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