
A Tribute to π:  Part 2
We have defined π as the ratio of the circumference to the diameter
of a circle, and shown that π is also the ratio of the area to the
square of the radius.  We can prove these facts using calculus,
assuming we have established the basic ideas of trigonometry.

The equation of a circle of radius r is     x
2 + y2 = r 2 .  Equivalently,

the top half of the circle is described by     y = f x( ) = r2 − x2 , –r ≤ x
≤ r.
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By rotating the circle around the x-axis, we get a sphere.  The
volume of the sphere is given by:
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The surface area of the sphere is given by:
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This says that you can cover the outside of a sphere exactly with 4
circles, each of whose area is equal to that of a circle through the
center of the sphere.  Try it!!

This also says that the surface area is the derivative of the volume,
in much the same way that the circumference of a circle is the
derivative of the area.

Ellipses

An ellipse has equation 
    
x2

a2 +
y2

b2 = 1, where a and b are the lengths

of the semi-major and semi-minor axes.  (Whichever of a and b is
larger is the semi-major axis.)  When a = b, we have a circle.  It is
an easy calculus exercise to show that the area of an ellipse is
  A = ! ab.  Amazingly, Archimedes knew this result.  Here’s his
“proof.”

Assume a > b.  Circumscribe a circle of radius a around the ellipse,
as shown.
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Hence, for each x-value between –a and a, the y-value on the

ellipse is 
  
b
a

 times the corresponding y-value on the circle.  Since

each base of trapezoid MRSQ is 
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 time the corresponding base of

trapezoid MNPQ, then the area of MRSQ is 
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 times the area of

MNPQ.  Since the area of the ellipse can be found by summing the
areas of n such trapezoids and letting n approach ∞, it follows that

the area of the ellipse is 
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 times the area of the circle.  That is:
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This is very similar to the argument we use in calculus courses to
define the definite integral in terms of Riemann sums.  It is
astonishing that Archimedes had the basic idea nearly 2000 years
before the discovery of calculus.



Unfortunately, the Archimedean argument does not work for

circumferences; in other words, 
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(Surely, the circumference must depend on both a and b.)  So, we
are forced to attempt integration.

Let 
    
y = b
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 represent the top half of the ellipse.  Then
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 and the circumference (arc length) is given by:
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Now make the substitution     x = acost ,     dx = −asin t dt .  After some

simplification, we get  
    
L = 4 a2 cos2 t + b2 sin2 t
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upon replacing     sin2 t = 1− cos2 t  can be written as:
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a2  is called the

eccentricity of the ellipse.  (A circle has k = 0.  As k increases
towards 1, the ellipse becomes “flatter.”)

It is not possible to use the Fundamental Theorem of Calculus to
evaluate this integral in terms of elementary functions.  Not
surprisingly, this integral is called an elliptic integral, the study of
which requires a good deal of advanced mathematics.

We can, however, approximate the value of this integral for small
values of k.

Using Taylor series or the binomial theorem, we have:
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So, using the first 3 terms of (*), we have:
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which is a multiple of π that depends on both a and b.

More generally, we can show that:
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This formula for the circumference of an ellipse was known to
Maclaurin in 1742.



Example:  Consider the ellipse 
    
x2

100
+
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81
= 1.  Here, a = 10, b = 9,

so 
    
k2 = 1!

81
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=
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100
.  Using (**), we get     L ! 19.016" , just

slightly less than the circumference of a circle of radius 10.
(Mathematica™ gives the answer more precisely as 19.0132π.)  If

we make the ellipse more eccentric, say 
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= 1, then 
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and     L ≈ 15.72π .  (Mathematica™ gives 15.4196π.)

Other curves involving π

Imagine that you are standing at the center of a circular platform.
You walk at constant velocity   v  in a straight line towards the edge.
The platform rotates at constant angular velocity ! . What curve do
you traverse as the platform rotates?

Let r and θ  be the polar coordinates of your position at time t.

Then r =   v t and !  = ω t.  Eliminating t gives   r = a! , where 
  
a=

v
ω

.

A graph of this curve for 0 ≤ θ  ≤ 2π with a = 1 is shown below.  It
is called a spiral of Archimedes (who else?).  Also shown is a
circle of radius 2π that encloses the spiral.
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Let’s compute the area enclosed by the spiral.  In polar
coordinates, the area bounded by the curve   r = f θ( )  and the lines

! = "  and ! = "  is given by 
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In this case, we have 
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Notice that the area of the enclosing circle is     ! 2! a( )2 = 4a2! 3 .
Hence, the area of the circle is exactly three times the area inside
the spiral.

As with the ellipse, Archimedes determined the area inside the
spiral using a clever Riemann-sum type of argument, similar to the
one we use today to derive the polar coordinate area formula.

He was unable to determine the length of this curve.  Unlike the
ellipse, we can.  It can be shown that the length of the curve
defined   r = f !( )  between the lines θ = α  and ! = "  is given by:
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Here, 
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(One of the reasons Archimedes couldn’t derive this is that
logarithms were about 1800 years away.)



Another interesting curve is the cycloid, formed by following the
path of a point on the circumference of a wheel of radius a as the
wheel rolls along a flat surface.  One arch of a cycloid is shown
below.  (The graph just repeats itself in the horizontal direction.)
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The cycloid can be represented by the parametric equations
    x = a t ! sint( ), y = a 1! cost( ).  The graph above is for 0 ≤ t ≤ 2π,
with a = 1.

The area under one arch of the cycloid is given by:
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The circle inscribed under the arch (which is the circle that
generates the cycloid as it rolls) has radius a and area     πa2 .  Hence,
the three regions in the diagram above all have the same area.

The length of one arch of the cycloid is given by:
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Hence, the length of one arch is 8 times the radius of the circle.
(No π in this formula.)


